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INTRODUCTION. 


HE first part of these lectures is chiefly devoted to the 
following subjects: equivalence of two classes of infi- 
nitely differentiable functions, in particular, the solution of 
the problem of analyticity of a class; the problem of quasi- 
analyticity and that of decomposition of an infinitely differ- 
entiable function into two functions, each belonging to a 
quasi-analytic class; and finally, the study of integrable func- 
tions having a small average-value at a point, and having a 
lacunary Fourier series, which furnishes new quasi-analytic 
classes. 
For the problem of equivalence it is necessary to introduce 
a principle of regularization of sequences, especially that of 
_ exponential regularization. We have given here, for the first 
time, a systematic exposition of those of the properties of the 
principle, which are useful in the theory of classes of func- 
tions. This principle was discovered and used for the problem 
of analyticity of a class, and that of equivalence of two 
trigonometric classes, by the author, in 1935. Since then it 
has been employed by H. Cartan and the author in the solu- 
tion of the general problem of equivalence of classes. But, 
here, we give a new proof of the corresponding theorem, 
restricting it, however, to differentiable classes. This allows 
us to avoid the introduction of certain difficult notions, while 
retaining the use of the principle of exponential regulari- 
zation. 
We give also a new and very simple proof for the necessity 
of modified Denjoy-Carleman conditions for quasi-analytic- 
ity. This proof is based on unpublished considerations of 
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Introduction 


H. E. Bray relative to the infinitely repeated average of a 
function. 

The proofs of the theorems of decomposition and that 
relative to integrable functions are, in outline, essentially 
those given in the author’s papers, where the theorems were 
first published. 

The second part is devoted mainly to a recent theorem 
concerning the arguments of the singularities of a Taylor 
series, and to a notable generalization, due to Denjoy, of the 
gecmetrical principle involved in the theorem. 
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ANALYTIC FUNCTIONS AND 
CLASSES OF INFINITELY 
DIFFERENTIABLE FUNCTIONS' 


PART I 
INFINITELY DIFFERENTIABLE FUNCTIONS 
I. ANALYTIC FUNCTIONS OF A REAL VARIABLE 


A function f(x), defined in a closed interval /=[a, b] is 
said to be analytic in this interval, if to every point xo be- 
longing to J there corresponds a Taylor series with a positive 
radius of convergence, converging to f(x) in a neighborhood 
of xo. Since the derivative of a Taylor series is a Taylor 
series with the same radius of convergence as the given 
series, and therefore converging uniformly in every closed 
interval containing xo, and contained in the interval of con- 
vergence, an analytic function is infinitely differentiable in J. 

An infinitely differentiable function in [a, b] will be said 
to be an “i. d. function” in [a, b]. 

It is well known, that an i.d. function in [a,b] is not 
necessarily analytic in this interval. For instance the func- 
tion f(x) defined by the equalities 

f(x) =e-™, if x0, 

f(0) =0, 
is i. d. in every closed interval, but is not analytic in any 
interval containing the point x =0. 


1A series of lectures delivered at the Rice Institute during the academic year, 
1940-41, by S. Mandelbrojt, Docteur és Sciences (Paris), Professor at the Collége 
de France, Visiting Professor of Mathematics at the Rice Institute. 
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2 Infinitely Differentiable Functions 


It is also easy to construct an i. d. function in J which 
is not analytic in any partial interval of 7. It would seem 
to be possible to construct such an example by the well 
known “principle of condensation of singularities” of du Bois- 
Raymond, but, for our purpose, it is more convenient to 
operate in a different manner. 

Consider, for instance, 


f(x) => e  cos(n lx). 

This function is 1. d. in the interval [0, 27], since for every 
integer »=0, the series 

(—1)? 55 e~*(n!)2” cos(n!x) 

(—1)? b> 7 M4 n f)2p4 sin(n!x) 
converge uniformly in [0,27] and represent respectively 
f?”(x) and f2?*)(x). 

If / and m are two integers such that 
Oslsm, 


11 a iar 9 Sah aly 
sjon(= )- de (n!)?? cos\ — 


me - 2 (ng f)20 cos( n et) > 2 *(n Nan, 
n=1 n=m 


The sum extended from 1 to m—1, which we shall denote 
by A(l, m, p), satisfies the inequality 
| A(l, m, p) <(m!)?, 
Denoting by B(m, p) the sum extended from m to infinity, 
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Analytic Functions S 


For any integer g>m, we may then write 


pon( 2) 
m > mea _ 1)" 
(2p)! 2p\ (m!)?” 


If, / and m being fixed, we choose and g in such a manner 
that 2p=(¢—1)!, g>m, we may write 
e7 4g) 20 Mp e-aig! 
ot vee a oe 
and, when gq tends to infinity, it is obvious that 


m\/e7@'(g!)27_\4p mld, —_— 00! 
Dt) AG pe BRR 


the last quantity tending to ~ with gq. 
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We have thus proved that, for every point a 
m 
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that is to say, the radius of convergence of the Taylor series 
of f(x) at such a point is zero, and the function is not analytic 
in any interval containing these points. But every interval 
which is contained in [0, 27] contains such a point. The 
function f(x) is therefore the desired one. 

It is important to be able to distinguish an analytic func- 
tion by the growth of the maxima of its successive deriva-’ 
tives in J. The following simple theorem characterizes the 
class of i. d. functions composed of all analytic functions in 
a given interval. 

THEOREM I. 4 necessary and sufficient condition, in order 
that an i. d. function, f(x), defined in I=[a, b], be analytic 
in this interval, is that there exist a positive constant k, depend- 
ing only on f, (R=k(f)), such that 
(1) Lf (x) | <kenl(n 21, xeLa, b]). 
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4 Infinitely Differentiable Functions 


The condition is necessary. Let, indeed, f(x) be analytic 
in J. Then to every xcel there corresponds a Taylor series 


«o 
ye an(x — Xo)", 
n=O 


which converges to f(x) in a certain interval around xp. 
Consider now the series in the complex variable z=x+iy: 


(2) Ds Gn(%— 20)”. 
This series defines a function holomorphic in a certain open 
circle with the center xo, which we shall denote by C,,._ The 
function defined by (2) is equal, for real values of x, to f(x). 
By the Borel-Lebesgue theorem it is possible to choose a 
finite number of points xo, belonging to J, such that every 
point of J is interior to one of the corresponding circles Cz, 
two consecutive such circles having, thus, a common part. 
Let D be the domain formed by these circles, and let us 
denote by C the frontier of D. Since two expansions (2) 
corresponding to two circles with a common part are equal 
at the real segment of their common part, we see that the 
expansions (2) define a holomorphic function f(z) in D, equal 
to f(x) on I. 

Denote then by r the smallest distance from C to [a, b]. 
Obviously r>0. About each point xeZ consider a closed 


circle C/ with radius A The set of circles C/) forms a closed 


connected region D’. The function f(z) is holomorphic and 
bounded in D’: |f(z)|<M(zeD’). We have then, by the 


Cauchy ‘integral formula: 


f(x) _ nl _f(z)dz_ 


2nt Jo, (%—%) n+? 
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f(x) |<M @k I, 
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Analytic Functions 5 


Thus we have established for n>=1, the inequality (1), 
ay 


Lf™ (x) | <kn! (xl). é 
The condition is sufficient. Suppose that (1) is satisfied. 
For every x and x, belonging both to J, we may write it 
f(x) =f (0) +f (x0) (x — 0) + «LO e) (@ 0) 
(n—1)! v 
(n) = LG 5 
Lobe esd) (0<e<1). 
But since xo+ 6(x—xo)el, we have c 
[f™ Got 0(x —x0))| <kan! ‘ 
and therefore F 
t 
f(%) —f(%0) —f' (*0) (x —x0) +++ — Ga 
peel Aes Mere eri 


n! 
We see then that, if 
k|x—xo| Sp<l, xXoel, xel, 
the series 


LG) ivaeai 


n=0 


converges to f(x), and this function is therefore analytic in J. | 


2. OTHER CLASSES OF INFINITELY DIFFERENTIABLE 
FUNCTIONS 


In studying the heat equation 
au du 
3 cles, Btn 
( ) oy? Ox , 
Gevray (8)! introduces, in a natural way, i. d. functions sat- 


_ isfying, in an interval, the inequalities 


(4) f(x) | <kn(2n)! (n 21). 
1For bibliographical references see p. 142. 
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6 Infinitely Differentiable Functions 


By the Cauchy-Kowalewski theorem, there exists one, 
and only one, function u(x, y), analytic in both variables x 
and y, satisfying (3), and such that 

u(x, 0) =uo(x), 


(S) Ou 
ay is 0) = u(x), 


the functions uo(x), u:(x) being any two given analytic func- 
tions of x. 

Thus the following question arises: suppose uo(x) =0, what 
are the general conditions which «;(x) must satisfy, in order 
that there exist a function u(x, y) satisfying (3) and the 
two conditions (5) ? 

We shall suppose that u(x, y) = —u(x, —y). S. Bernstein 
(8) has proved that u(x, y) is analytic in y. Therefore, for 
every x, in the neighborhood of y =0, the following expan- 
sion is satished: 


u(x, y) =t1(x)y +s +» Sacra) yyePttf . 


From (3) it follows, by differentiation, and by mathemati- 
cal induction, that, for every (x, y), 
Grtly grtly 9g? (=). 


ay2rtt axray ax?\ ay 
And, particularly, for y=0, we have, since Ge 0) =u:(x), 
O2Ptly d?u;(x) 
(6) aytrri (x, 0) a dara 


Using then, in an obvious manner, the Cauchy integral 
formula, we see immediately that, if x is in a closed interval 


[a, b], 


Q2ptl U 
=. Qay2ptl 
where p is a positive constant. For it is obvious that when 
y is in a certain circle about the origin, and xe[a, b], then 


1The partial derivatives satisfying conditions of continuity. 
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Other Classes of Functions if 


| u(x, y)|<M, and it is sufficient to express the value of 
2 
at (x, 0), by Cauchy’s formula, in order to have the de- 
sired estimate. } 

Thus, by (6), the function u:(x) must satisfy the inequal- 
ities 

|r (x)| <p%1(2p-+1)1<ko(2p)! (pet), 
where & is a positive constant. 

The class of all functions satisfying (4) contains, by Theo- 
rem I, all analytic functions, in [a,b]. But does this new 
class contain other i. d. functions than analytic ones? The 
answer is affirmative, since the function f(x), formed on 
page 2, which, as we have seen, is not analytic on any in- 
terval, belongs to this class. 

It is clear, indeed, that 

lf (x)| < 53 emimn< has Cerca) re — 


m=l m? 


<C Max (¢-2hn42) me (2n)!. 
z> 


Considering oes of the type 


Gevray (8) introduced 1. d. eee satisfying, in any in- 
terval, the inequalities 


(7) [fo (x) | <hr ¢ “n (nz}). 


Such a class, whatever may be the integers r and s (if 
only r>s), contains all analytic functions, but also functions 
which are not analytic. This statement, likewise the analo- 
gous one regarding the class defined by (4), follows from a 
general theorem, which will be proved later, although it is 
easy, as for the class (4), to give a simple proof, also in this 
particular case. 
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8 Infinitely Differentiable Functions 


3. GENERAL CLASSES OF INFINITELY DIFFERENTIABLE 
FUNCTIONS 

The class of analytic functions, in a given closed interval 
I, and the classes (4) and (7), introduced by considerations 
of theoretical physics, and containing functions, which are 
not analytic, are particular cases of a family of classes de- 
fined in the following manner: 

Consider a positive sequence of numbers {M,}, (M, 
M:,::-), and a given closed interval J=[a,b]. The class 
of all i. d. functions defined in J and such that to each of 
them corresponds a constant k=k(f), such that 


| f™ (x) | <k*M,, (n21, xel), 


will be denoted by Cja,,}. 
It is obvious that, if two sequences {M,} and {M,’} are 
such that there exists a positive constant a with 
M,<a*M, (n21), 
then the class Cj} is a subclass of the class Cy}, i. €., 
every function of C,y,} belongs also to Cia}; since, if feCya,} 
then 
[f™(x)|<k"M<(ak)"M, (n21), 
and feCim,’- 

Therefore, if two positive constants a and £ exist such 
that 
(8) 6"M, <M,<a"M,, 
then the two classes Cjx,} and Ciy,} are equivalent, that is 
to say, every function of either of these classes belongs also 
to the other. 

For instance, the classes Cjn1} and Cj,} are equivalent, 
and are composed of all analytic functions in any given 
interval and only of such functions. 

The classes defined by (4) and (7) may be denoted re- 
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spectively by Cj eq)1) and Gr r(En41)} the last one being equiv- 
alent to oy r(z »)}" 


In the first part of these lectures we shall be concerned 
mostly with the general structure of ‘classes Ciy,), where 


-{M,} is any sequence of positive numbers. 


4. THE PROBLEM OF EQUIVALENCE OF TWO CLASSES 


The condition (8), which may be written in the following 
manner: 


n= © n n=2 


is sufficient for the equivalence of two classes, Ciy,)} and 
Cix,}- But this elementary condition is surely not neces- 
sary for equivalence. 
Consider, for instance, the class Cj}, where the sequence 
{M,} is defined in the following manner: 
M,=n! for n even, 
(10) M,,=any fixed number >n!}, for n odd. 
This class is equivalent to the class Cj,1;. Indeed, let f(x) 
belong in J=[a, b] to Cyy,}, then 
f(x) |<k"M, (n21). 
For any two points xo and x; of [a,b], we can write 
$0 (21) =f (x0) 4f°40 (xe) (4 — 0) +L = ao)? 
where x’ is a point situated between xo and x;. Let us then 
take x» arbitrarily and choose x; in such a manner that 
| x1—xo| ae Fay, 
Then “f 
HSC IES rarer LO ay 
2M, 
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10 = Infinitely Differentiable Functions 


Hence, if is even, 
ny | 
| fo* (x9) | <n 
where k; is a constant. If now ky= max (k, ki), we see that 

f(x) |<kirn! (n 21). 

Therefore, every function of Cj,;,) belongs to Cia}. The 
converse is obviously true, and the two classes Cjy,) and 
Cin} are equivalent. And yet if, for instance, for n odd, 


M,=(n!)s, 


— M I/n 
lim ( ") = 0, 
uso n! 


In a general manner, it is possible to construct in many 
different ways a class Cy, equivalent to a given class Cis, 
and such that there is no simple relationship between the 
behaviour of the sequence {M,} and that of the sequence 
{M,/}. Thus arises the problem which may be stated as 
follows: 

To give necessary and sufficient conditions characterizing the 
relationship between the two sequences {M,} and {M,} in order 
that the two classes Ciy,} and Ciw,} be equivalent. 

It is obvious of course that this problem will be solved 
if we solve the following one: 

To give necessary and sufficient conditions, bearing on the 
sequences {M,} and {M,/}, in order that the class Cix,) be 
a subclass of the class Ciyy,}. That 15 to say, in order that every 
function belonging to C{m,) belong also to C{ar,). 

For, if such conditions are found, we have to add to these 
conditions the conditions obtained by exchanging the roles 
of the two sequences {M,}, {1,’}, in order to have condi- 
tions for equivalence of the classes. 

In the special, but important, case when M,’ =n! this 
problem can be translated in the following manner: 


+ ykm2(n4+2)l<kinl(n +1), 


then 
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Equivalence of Two Classes iy 


To gwe necessary and sufficient conditions, bearing on the 
sequence {M,}, in order that every function f(x) of Ciamy be 
analytic. 

A class Cjm,} containing only analytic functions will be 
called an analytic class. Therefore, in the preceding prob- 
lem, we are looking for conditions on {M,} in order that 
Cim,; be an analytic class. 

This last problem, and the general problem of equivalence, 
were proposed by Carleman (2) in 1926, but they have found 
their solution only in the last few years. This solution de- 
pends largely on a new principle, which we shall call the 
“principle of regularization of sequences,” introduced by the 
author of these lectures (9) and which will be treated in 
the next paragraph. 


§. PRINCIPLE OF REGULARIZATION OF SEQUENCES 


In the example of the class Cjx,}, where the sequence 
{M,} satishes (10), the sequence of indices was divided into 
‘two subsequences: {n,;} and {m;} in such a manner that 
when the values of the quantities M/,, were known, the class 
Cx,} was perfectly determined, no matter what values the 
M,,, might have had, provided only that they were greater 
than certain quantities depending only upon the sequence 
{M,,}. In the particular example we have been concerned 
with, {n,} was the sequence of even integers and {m,} that 
of odd integers. But this particular choice of {n;} was due 
to the regularity of the set of values taken by the M,, with 
even indices. Such a splitting of the sequence {M,} into 
two categories {M,,} and {M,,,} is possible, in the most 
general case, but, in the general case, the values of the 
indices n; of the M,,, upon which the M,,, depend, and the 
smallest values, by which the M,,, may be replaced, are de- 
termined by a geometrical process, for which we shall give 
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12 = Infinitely Differentiable Functions 


an analytic interpretation, which process constitutes the 
principle of regularization in question (9). 

We shall denote by w(#) a positive function of t, defined 
for ¢=0, such that w(0)21, and having one of the three 
properties: , 

(1) w(t) is a continuous function of ¢, strictly increas- 
ing to + © when ¢ tends to +o. 

(2) there is a value t=to>0, such that for t<ty w(t) is 
continuous and strictly increasing to + © when ¢ tends to 
to increasingly. For t2to: w(t) =o. 

(3) w(t) is identically equal to + ~. 

Consider, in the xy plane, a sequence of points {P,}, the 
coordinates of the point P, being x=n, y=a, (n2=1). The 
quantity a, may take the value + » (but not — ©): we shall 
say, then, that the corresponding point P, lies, on the line 
x=n, at infinity. At any rate, we shall suppose that there 
exists an infinity of points P, which have a finite ordinate. 
We shall also suppose, for convenience in exposition, that 
a is finite. 

We shall “regularize’”’ the sequence of points { P,} or, what 
amounts to the same thing, the sequence of numbers {an}, 
with respect to the function a(t). 

Regularization with respect to a function w(t) satisfying 
(2) or (3) will be useful only if the sequence {a,} is such 
that 


lim “= o. 
n 


Since this simplifies the details in the exposition, we shall 
suppose that only sequences of this type will be regularized 
with respect to a function w(t) satisfying (2) or (3). 

Denote by =; the closed strip defined, in the xy plane, 
by the inequality: O<x<w(t) (the half plane x20, if 
w(t) = ©). Consider the straight line A; with the slope ¢ such 
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Regularization of Sequences 1S 


that there is no point P, in 5, below A,, but there exists at 
least one point P, on the part of A, which is in 3, (i. e. there 
is no point P, with 1<n<w(t) below aA,, but there exists 
such a point on A,). The part of A, which is in &, will be 
denoted by D,;. The projection of D, on Ox is the closed 
interval 0 <x <a(t) (the ray x20, if w(t) = &). 

The existence of D,, for every t=0, is assured, in the case 
when w(t)< ©, by the circumstance that a; is finite and 
a,>— © (n2=1), and, in the case when a(t) = ©, also by 


the supplementary condition that lim “= ©, or what 


amounts to the same thing, that for every given t we have 
a,>nt for large values of n. Denote by {P,,} the sequence 
of points belonging to {P,}, each of which is situated on 
at least one D,. The sequence {n;} (the set of abscissas of 
points P, which are on at least one D,) is infinite, for it is 
immediately seen that, if n;, were the greatest index n such 
that P, is on a D,, all the points P, with n>n,, would have 
an ordinate a, = ©, contrary to our hypotheses. Every point 
P,; (t=1, 2, ---) is thus on a certain D,. No other point 
-P, is on such a segment. 

The sequence {n,} will be called the principal sequence 
of indices of the sequence {P,}, with respect to w(t). The se- 
quence {P,,} will be called the principal subsequence of the 
sequence {P,} with respect to w(t). In what precedes, we may 
often replace the sequences of points {P,,} or {P,} by the 
corresponding sequences of their ordinates: {a,,} or {an}. 

A point P,,, of the principal subsequence lies, a priori, on 
many D,. Denote by 7; the set of all such values t. Ob- 
viously, if ¢; and tz, with ti<ts, belong to Ty, i. e., if Px 
lies on D,, and D,, then every ¢ such that ti<t<t, belongs 
to 7;. Therefore 7; forms an interval. It is also obvious 
that the lower extremity of this interval belongs to 7;, but 
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not necessarily the upper extremity. Denote the last quan- 
tity by +, that is to say, 

1s =Bd T. 
It is seen immediately that +r; increases with i. 

We have said that 7; does not necessarily belong to 7°, 
that is, 7; is not necessarily closed at the right. This means 
that there may exist a point P, which is in ,, below the 
straight line passing through P,, and with the slope 7;._ In 
other words the part of this straight line which is in »,, 
(i. e., for which OSa@<o(7,)) is not the segment D,,. This 
can only occur if w(7;)< ©; thus, since w(t) is then continu- 
ous for tS7,, if there exists a point P, in 2,, below the 
-straight line with the slope 7; passing through P,,, this point 
is necessarily such that »=o(7,). It is also obvious that, 
for values t>7; near enough to 7, D, passes through this 


point P,. That is to say, P,=P,,,,. Hence in this case 


Ni41=0(7;). 
No point, other than the point P,,, ,, can be in 2,, below the 
straight line with the slope 7; passing through P,,. 
Denote by L; the part of the straight line with the slope 
rt; passing through P,,, of which the projection on Ox is 
the segment (closed on the left-hand and open on the right- 
hand) 
Ny SX<Ni41- 
Ly will be the part of the segment D, for which 1 <x <7. 
We shall call the set of all the segments L; (2=0, 1, 2,---) 
the w-base of the sequence {P,} (or of the sequence {an}). 
The end-point of a L,; with the greatest abscissa belongs to 
the base only, if it is also the beginning-point (that is to 
say the point with the smallest abscissa) of Li+1. 
Therefore, it is clear that the base is composed of a suc- 
cession of polygonal lines, disjointed from each other, the 
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consecutive sides of each polygonal line having increasing 
slopes (going from left to right). 

If 1; and I1;+1 are two consecutive polygonal lines com- 
posing the base, the right end-point of 1, (with the great- 
est abscissa) does not belong to the base, and I1;41 begins 
at a point which has the same abscissa as the end-point 
of II;, but an ordinate smaller than that of the end-point 
of IT;. 

The common abscissa of the end-point of II; and the be- 
ginning point of II,,, is a principal index: say n,. The slope 
r, of the segment L;, with which IJ;,; begins, is greater than 
the slope rx-1 of the last side Z,_1 of I;. A principal index, 
which is the common abscissa of two polygonal lines (in 
the case of the two polygonal lines 0; and 0,,:, this prin- 
cipal index is nx), will be called an index of discontinuity. 

It may happen, of course, that there is no index of dis- 
continuity. Then the w-base is a convex, continuous, polyg- 
onal line with sides having increasing slopes. 

Denote by a,“ the ordinate of the point of the w-base of 
{P,} which has the abscissa n. 

The sequence {a,“)} will be called the regularized sequence 
of the sequence {a,} with respect to w(t). And, denoting by 
P, the point with abscissa and ordinate a,, we shall call 
the sequence {P,)} the regularized sequence of the sequence 
{P,} with respect to w(t). 

By definition, the principal points P,, of the sequence 
{P,} remain invariant by the regularization, 1. e., P,” =P,,. 
It is also obvious that for every n 21 we have a, Sa,, and 
that the equality holds only if n=n; (:=1,2,---). If we 
consider, together with the sequence {a,} the sequence 
{a, }, and if, for the principal sequence of indices {n;} of 
the sequence {an},an,=cn, and if an 2a, (n=1, 2, ---), then 
an) =a, (n21). 


16 = Infinitely Differentiable Functions 


It is easy to see that, if w(t) and w,(t) are two functions 
both satisfying one of the three conditions required above, 
‘and such that for #20 we have w;(t) < w(t), then, for every 
n=1, we have a, Sa,. 

This shows that if w:(t) <w(¢), (¢>0), then for every given 
sequence {P,} the w;-base is nearer to the points of this 
sequence than the w-base. This intuitive manner of ex- 
pressing the fact which precedes may also be interpreted 
in the following no less intuitive manner: the smaller the 
function w(t), for every ¢>0, the more the regularized se- 
quence resembles the sequence itself. But it should be re- 
marked that, if we decrease w(t), for every t>0, we in- 
crease the number of indices of discontinuity of the base. 
In that case we may say that the regularity of the regularized 
sequence is decreased. Thus, a gain in approaching more 
intimately a given sequence results in a loss of regularity 
in the regularized sequence. 

It is clear that, for different purposes, the admixture of 
these two factors, regularity and intimacy of connection 
with the primitive sequence, has to be properly chosen. 
That is to say, for different purposes, w(t) has to be dif- 
ferently chosen. 

Let us now give an analytic interpretation of regulariza- 
tion. 

{a,} being a sequence having the properties described 
above (a1< ©, a,>— © for every n, a,< © for an infinity 


of n, and, if w(t)= 0 for t>t, lim ao ©), the function, 


defined for t=0 by the equality: 


A(t) = Max (nt—ap),! 
nsw(t) 


will be called the w-trace function of the sequence {an}. The 


1The maximum is evidently taken with respect to n. For every t, n takes all the 
positive integral values which do not exceed w(t). 
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Regularization of Sequences 17 


reason for this denomination will appear later. This func- 
tion A(t) exists, since, if w(t)< ©, A(t) is the greatest value 
of a finite set of numbers; and if w(t) = ©, the existence of 


A(t) is assured by the condition lim’ = co (which is sup- 


posed to hold when w(t)= © for t2%), since then nt—a, 
tends to — © when tends to o. 

Since w(t) increases with ?#, it is plain that 4(t) increases 
with t. 

The trace function A(t) is such that 4(t+0) exists and 
A(t+0)=A(t) for every t=0. The existence of 4(t+0) is 
obvious since A(t) is an increasing function. Denote then 
by m,. an integer such that 4(t+e)=n.(t+6)—ap, (€>0), 
n.So(t+e). Ift20 is given, the set of the integers ., each 
satisfying the preceding equality for all « satisfying the in- 
equality 0<e<k, is finite, since if w(t+k) < ©, n.Sw(t+h), 
and if w(t+k)= 0, n(t+k)—a, tends to — © when n> -—. 
Therefore there exists a sequence e;{4 0! for which ,, takes 
the same value, say m. But then, since mSa(t+e«) (7=1, 
2, ---), we have also mSa(t), and A(t+e:) =m(t+e) —am 
} mt—om. Thus A(t+0)=mt—anS A(t). And, since A(t) 
is an increasing function, 4(t+0) = A(t). It is also obvious 
that 4(t—0) exists. Generally 4(t—0) need not be equal 
to A(t), but if w(t)= 0, then 4(t—0)=A(t), and A(t) is 
continuous at ¢. Indeed, if 4(t)=mt—am, for e>0 and suf- 
ficiently small, w(t—«) >m, and, therefore, 4(t—«) =m(t—e) 
— im->mt — im = A(t), i. e., A(t—0) = A(t), and, since A(t) is 
an increasing function, 4(t—0) =A(t). 

Denote by m(t) the greatest integer »Sw(t) such that 
A(t)=nt—a,. m(t) is an increasing function. Indeed we 
have by definition if t;<t,: m(ti)ts— ami) Sm(te)t2— omits) 


1¢,4b means that a, tends decreasingly to 6, when i tends to ©; 
afb means that a, tends increasingly to b, when i tends to ©. 
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= A(t), that is to say, [m(t1) —m(te) te Samay — may. If we 
had m/(t,) >m/(tz), we should also have m(t1)t1— omen) 2 m(te)ty 
= Omits)y 1. Cy mir) — Amite SL M(t1) —m(te) ]t1, and therefore 
together with the preceding inequality [m(t:)—m(t2) ]ts 
<[m/(t:)—m(ts)]ti, which proves, since t2>t,, that m/(t:) 
—m(t2) <0, contrary to the supposition. m(t-+0) thus exists. 
And this quantity is equal to m/(t) since 4(t+0) =m(t+0)¢ 
—ameso =A (t)=m(t)t—amo, and if m(t+0) were greater 
than m/(t), A(t) could be written as equal to nt—a, with 
n=m(t+0) >m(t), n=m(t+0) So(t+0) =a(t), contrary to 
the definition of m/(t). 

The function m(t) tends to ©: m(#) + ©, with ¢. Indeed 
if t>Max (az—ai, a3—ay,-:-, Q@p—Qp-1), then m(t) =min 
(p, [w(¢)])," since then pt—a,=(p—1)t—ay_1 = (p—2)t—ay-2 

++, 2t—ai, and m(t) cannot be smaller than the greatest 
of the integers 1, 2, --- , p, which are smaller than or equal 
to w(t). Thus m(t) tends to infinity. 

All the properties of m(t) show that there exists a sequence 
_ of numbers ¢#) =0, #1, fz, «++ , tz, «++ , tending increasingly to 
infinity such that in every interval t, St <ti41, m(t) = m(tr), 
m(t,) being a positive integer tending increasingly to in- 
finity. Therefore, if t, St <ti41, 

A(t) =m(te)t — am(y)s 
and 
A(t) —A(ty) =m(tr) (t—tk). 
Thus, in this interval 
(11) 2 ©) mit)? 

We have said that generally 4(t—0)~A(t). This can 

happen evidently only at points =. If at such a point 


1[q] denotes the greatest integer smaller than or equal to a. 


+ 
3 oa denotes the right-hand derivative of f(t) at the point t. 
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Regularization of Sequences 19 


{(t) is discontinuous, we have necessarily 4(t,) —A(t.—0) 
>0. Let us denote by d(t,) the quantity 4(t,)—A(t,—0), 
ind consider the function 


a(t) mee d(t). 
Phe function a(t) may also be written as a Stieltjes integral 
12) Oe ik dV(r), 


7(r) being an increasing function, constant in every inter- 
ral teSt<tey:, with V(t,)—V(t,.—0) =d(t). 
From (11) and (12) it follows immediately that if ¢>2’ 


13) A(t) =A) + [m)dr+ [ar(n) 


We recall that, if w(t*) = ©, 4(¢*—0) =A(t*), and there- 
ore for every ¢, 2t*, d(t,) =0. V(t) is therefore constant for 
2t*. In the particular case, when a(t) is identically equal 
o +, we have 


14) A(t) =A(t) + [ AO 


or every pair of values #’ and ¢, t>?’. 

It is also important to make the following remarks: 

If one changes a finite number of terms in the sequence 
a,}, the w-trace function, 4(t), remains unchanged for large 
alues of ¢. That is to say, we may suppose that the first 
1 terms, a1, @2, -** » Gm, are all equal to infinity, and A(t) is, 
or large values of ¢, the same as for the primitive sequence: 


A(t)= Max (nt—a,), (t>to). 
m Sn Sul) 


“his follows immediately from the remark that m(t) t «. 
The sequence {an} will be called the w-generatrix of the 
-trace function, A(t). An wtrace function may admit an 
nfinity of w-generatrices. 
We shall now prove the following Lemma. 
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Lemma I. Let A(t) be an w-trace function. There exists a 
sequence {a,}, which ts the smallest w-generatrix of A(t). That 


is to say that, tf {an} 15 any w-generatrix of A(t), we have, for - 


every nai, 


(15) ‘An Sap. 
This smallest w-generatrix of A(t) is given by the relationship 
(16) a,=Bd (nt—A(t)).3 
% w(t)en 
{a,} being any w-generatrix of 4(t), that is to say, 
(17) A(t) = Max (nt— an), 


we have to prove that {a,} defined by (16) is also a wgen- | 
eratrix of A(t), and, then, that (15) holds. We have then | 


to prove first of all that 
(18) A(t) = Max (nt— Bd (ns—A())}. 


We ae for t=0, 
Max (nt— Bd (as— A(s))} 


n Sw(t) 


< Max 0 Sha ays = A(t). 


We have also by (17) 
Max (nt— Bd (ns—A(s))} 


nm Salt) 
= Me {nt— Bd (ns— Max (ms —am)) } 


n Su(t) w(s) on 
= Max (nt— Bd ) 
n Sol!) 


= Max Grey =A(t). 
n Sw(t) 


Thus (18) is proved. It results now from (16) that 


a,= Bd (nt— Max (mt —am)) 
w() en 


< Bd (nt— ae i) = Oy. 
w(t) an 


1The least upper bound is taken with respect to ¢, when ¢ takes all values such 
that w(t)2n. 
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The Lemma is therefore proved. 

The following lemma characterizes, in a new manner, the 
regularized sequence of a sequence {a,} with respect to w(t). 

Lemma II. The regularized sequence {an} of the sequence 
{an} 15 the smallest w-generatrix of the w-trace function of the 
sequence {an}. 

Consider as above, in the xy plane, the points P,=(n, an). 
The wtrace function of {a,} is given by 


A(t) = Max (nt—a,), 
n Sa(t) 


where the quantity «,—t represents the y-intercept of the 
straight line having the slope ¢ and passing through P,. 
Thus the quantity — A(t) represents the y-intercept of the 
segment D, (see page 13). This is why we call 4(t) the 
w-trace function. 

The point P,@ =(n, a,) is on the segment L; which be- 
gins at the point P,,, 2; being the greatest principal index 
smaller than or equal to ,! and the slope of L; being equal 
to r;=Bd 7,, where 7; is the set of the values of ¢ such that 
Px, is an D, On the other hand, if w(t) =n, the point 
(n, nt—A(t)) is on the line D,. Recalling then the form 
of the wbase of regularization, one sees immediately that 
the least upper bound of the ordinates of intersection of all 
the lines D,(w(t)=n) with the line x=n is precisely the 
ordinate of intersection of L; with the line x=n. But this 
least upper bound is 


a,= Bd (nt—A(t)). 
wo(H2n 


Thus a,=a, and the lemma is proved. It is clear that 
(a_*)) ©) =a,, In other words: the w-regularized sequence 
of the w-regularized sequence of the sequence {a,} is the 
w-regularized sequence of {a,}. It is clear that, if for every 
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n2=1 we have a,—Bxa=C (constant), then it follows from | 


the proved Lemma that a,“ — 8, =C, 


Let us also remark that, if we change a finite number of 


terms in the sequence {a,}, only a finite number of terms 
change in {a,“?}. For the case (when w(t) < © for t=0) this 
results from the formula 


(19) a, =a,= Bd (nt—A(t)), 
w(t)an 


since, from w(t) =n, it follows that if n is sufficiently large | 
t is large, and when ¢ is large we have seen on page 19 that | 


A(t) remains unchanged after we have changed a finite num- 
ber of a,. If now w(t)= © for ¢ sufficiently large, our as- 


. “ a 5 
sertion follows from lim ae co, and from the geometrical 


construction of the points {P,“}. 

We shall now prove the following Lemma which will often 
be useful. 

Lemma III. Jf {an} and {8,} are two sequences such 
that there exists a positive constant y satisfying the condition 
(20) at S6.+yn (n=l), 
then, denoting by A(t) and B(t) the respective w-traces of the 
sequences {an} and {B,}, we have for t2y, 


(21) A(t) 2 B(t—7). 

If there exists a positive constant y such that for t=, 
(22) A(t—y) 2B), 

then ; 

(23) an) 58. —nySBa—ny (n21). 


If w(t)= 0, then the hypothesis that y 15 positive is useless, 
but, if y <0, the condition t= has to be replaced in each case 
by t20. | 

Let us remark that, since an) Sap, from 
(24) Om SBntny 
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there follows (20), and therefore by the Lemma, (21). But 
from (22) does not .follow 


an =6.—n7, 


but precisely 
an) <B,) — py, 


This Lemma has a certain Tauberian character which is 
dificult to state here. We shall nevertheless remark that 
it gives, in fact, a new point of view on Tauberian theorems. 
Let us now pass to the proof of the Lemma. 
We have, if t=7, 
A(t) = Max (nt—a,*) > Max (nt—8,—ny) 


n So(t) nm Sw(t) 


= Max (n(t—7) 8.) 2 Max (n(¢—) —8,) =B(t—7). 


nsoalt 


On the other hand, it follows from (20) that 


ao) = Bd (nt— 4) = Bd (n¢—-7) -AG—-)) 


= Bd (nt—A(t—»))—ny s Bd (nt—B(t))—ny=B,% — ny. 
w()) on 


w(t—y) 2n 

The last affirmation of the Lemma is evident by the pre- 
ceding proof, since, if w(t)= ©, w(t—y) =a/(t), for every t=0, 
if y <0, and for ty, if y>0. 

Remark: It is evident, by the proof of the Lemma III,! 
that, in its statement, the expressions “for t2y” (or “‘for 
1>0”), and “(n2=1)” may be respectively replaced by ‘“‘for 
t sufficiently large’ and “‘n sufficiently large,” provided, of 
course, that both be replaced. 

Returning to the general notions considered on page 13, 
consider now the set 7;. Such a set constitutes an interval, 
closed at the left-hand, and open at the right-hand. The 


1And by the statement, of course, that for large values of #, the w-trace depends 
only on the terms of the generatrix, with large indices, and that the terms of the 
wregularized sequence, for large values of n, depend only on the wtrace for large 
values of ¢ (see pages 19 and 22). 
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right-hand extremity was denoted by r;. Let us denote by 
7° the left-hand extremity of 7;. Thus 7; is the interval. 

Te Sty. 
T; is, we recall, the set of values ¢ such that the principal 
point P,, lies on D,, ¢ being any point of 7;. It is then | 
obvious, by construction, that if 7>7, no value of 7; can | 
be smaller than any value of 7;. Thus +92 17,. On the other | 
hand, since there is at least one principal point (a point of | 
the sequence {P,,}) on every line D,, every value t=0 be- | 
longs to at least one set 7;. Therefore 


Ti'+1 = Ti 


And the set which is the sum of all the sets 7; is equal to | 
the set composed of all the points #=20:27;=[0, «). : 
We have seen that A(t), the w-trace of the sequence {ap}, | 
is such that —A(Z) is the y-intercept of D,. If t belongs to | 
T;, D; passes through the point P,,=(ni, a), and thus | 
(25) A(t) =nt— ony 1; Sa(t). 
This proves also that, if n(¢) is the greatest principal in- | 
dex n, satisfying (25), then m(t)=n/(t), since if there were | 
an integer m such that m>n(t) and such that 
A(t) =mt— am, m Sot), 
the point P,, would also lie on D,, and m would also be a | 
principal index satisfying (25), contrary to the hypothesis | 
that n(#) is the greatest principal index having this property. | 
Thus m/(t) is a principal index, and precisely the greatest | 
principal index n; such that t belongs to the corresponding 
set T;. | 
Suppose that m(t) (#20) takes the values: mo<mi<--- | 
<m,, -:-. To every k corresponds, as we have seen above, | 
an i=i(k) and a p=p(k), such that m= <i, <-*: | 
<Nizp=miyi. The points of discontinuity for m(t) being | 
the points #1, ts, --+, in [tr tey1), m(t)=m.=m(tr), and | 


ee 
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putting to=0, in [0,¢:):m(t)=mo=m(0). Therefore in 
(te, tes1) 

A(t) = mt — am. 
This shows that 
(26) tees = Tete = TE = Teg Tp = Tip = TA 
(i+p=i(k+1)). 
This last formula will allow us to give an important state- 
ment of convergence which will be useful afterwards. 
By formula (13) we have 


A(t) =A(0)+ tt mtoder [ dV (1). 


We shall denote the integral [ Uri bye Gyrandecalt 
0 
it the discontinuous part of the wtrace function A(t). The 
t 
expression 4(0)+ fi m(r)dr= A(t) — A(t) will be denoted by 


At) and will be called the continuous part of A(t), 
A(t) =A.(t)+Aa(t). 

Both, the continuous and the discontinuous part, are in- 
creasing functions, the continuous part tends to infinity, 
the discontinuous part is not negative. 

We can now prove the following Lemma: 

LemMa IV. The following equality holds: 


i A (t)e~*dt = A(0)+m(0)+ yD Ch erh Pe 


where {n;} is the sequence of principal indices of the sequence 
{P.}, and where r;=Bd Ti. 
We have 


| ik Ae-tdt=A0) f otdt-+ [ ( if m(s)dn etd 
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Integrating by parts the last integral we get 


fi ‘A .(t)e-'dt = A(0) — A(O)e-?—e* if m(t)dt-+ [ m(t)e~‘dt 
0 0 


med (Oe geet (x) 2 [ mineaie 


If the left-hand integral converges when x + , there exists 


a sequence of quantities x, tending to infinity such that 


eA (x) tends to zero, and [moe-dt+40) tends to 
0 


[aera Conversely if [imttena tends to a limit 
0 0 


_ when x + , the left-hand integral does also and e4,(x) 
tends to zero. Thus 


[AWetdt=AO)+ | mendt 
We prove, in exactly the same manner, by writing 
if mi Vatt 0) mn ale if é-tdm(sy; 
that ‘ ; 
[ m(\e-!d2=m(0) [ ret Pay 


(and also, that the convergence of one of these integrals 
gives m(x)e-*+0, when xt ~). Therefore 


i 4.(t)e-'dt = A(0) +m(0) + if etints) 


= A(0)+m(0)+ Xo (amasi— mies, 


where the quantities ¢, have the same meaning as on page 24, 
and thus, by formula (26), 


[Aer tde= AO) +mO+ Z (ner nde 
0 t=i 
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The value of each of these expressions, or of 


ii m(i)e~‘dt, i 2-‘dm(2), 


_ may be infinity. But we have proved that they are all 
finite or infinite at the same time. 

REMARK: We have seen, during the proof, that the con- 
vergence of one of these expressions (and therefore of all 
of them) involves 


lim A(x)e-*= lim m(x)e-*=0. 
Let us now prove the following statements which 


will be useful in finding conditions for differentiability of 


classes. 
LEMMA V. 
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Therefore if lim w(t) >0, and if the discontinuous part of | 


a 
A(t) 1s zero: A(t) =.4.(t), then the conditions 


lim 24 50, 
need i? 


are equivalent. 
The relation (1) results from the following: 


A(0)-+tm(t) = A.(t) =4(0)-+ if mide 40) 4: I. m(r)dr 


> A(0) +4 m (5): 


therefore 


The first part of the inequality (2) follows from these 
simple considerations: if the second expression in (2) is equal 
to k, then to every positive ¢ there corresponds a number 


nm, such that for n2n,, 


| 
| 


SEE RRRERE ERROR EEEmERTRRREREERT EEE 


th 


ar 


sit 


an 


us feet avrol'.) 


at eaduoss (2) acétalet sf Te y al 


fed fe 
‘a 


tS engnenal ale Ye gag, 
nue di (A) fave: acne besoue ole l Saciae 


dni & #btteqe: Sot: sURiaag 


eae 


qe 
a 7 
toatl: | RSs 
oni ai ; 
ig 2 
"nll Ye welds 9S 
ees 
A \ ¥ 
3h > eT fy 
e 
> 
cd 
7 
iy 
il . 
. 


= —y eS 
- Woe 


a” 7 
a 
bard bs 7 
' 

a 


- Live bags Ca) a > 


= 


L. oe @ 4s = (en4-(Oyn 7 | 


; ' 
nae ae — is : 


-_ = * a — . \a* *~ " 


Regularization of Sequences 29 
ani <an+n(k+e); 
thus 
al), <ano + [not (mot1)+ --- +n](k+6) Sa+ 


] 
ant) (+9) 


and obviously the desired inequality follows. 

In order to prove the inequality (3) let us consider, 
as on page 24, the values mo<m,<-+: <m<---, taken 
by m(t) in the intervals [0, t:), [t1, t2), +++ , [tay ters), «** 5 
and consider an integer n:m:Sn<miy:. It is seen, by (26), 
that, if m,=nia), then 


n Mk: 


(27) Ae et) 
Ticky bey beat 

It is also seen, by (26), that 7; is the slope of the straight 
line passing through (n,, a) on which are situated all 
points (n, an) with n;Sn<nisi; the point (is1, an,) is 
situated either on the same straight line or below it; there- 
fore, since n+1S7i41, we have 


(w) (w) 
Pee Pat = Tick)» 


and, by (27), 


28 as eek oS 
( ) nN r ~ m/(tke41—0) 
Now, if 
lim myn? 


we have, for sufficiently large values of 2, 


t 
Br fy) Sar 


and by (28), we have, for large values of n, 
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Thus 


< lim —.~. 

n= © n t= 0 m/(t) 
It is also obvious that we have, in [ty, te41), the following 
inequality: 


t on < Titky T i(k) 
m(t) me m ~ m( ria —0)’ 


Thus 


hin T i(k) 
ont) Ly =lim m (Ti) —9) 


We know that, if the point (m,+1, a@,,) is below the 
straight line with slope 7:4), passing through (m,, a), then 
m+1 =m( Tig) —0)+1 me pr? 1 

which shows that, if, for a sequence {k;}, we have 
ho he 
bain reas 0) jee m (rE) — 0) 
this upper limit can be positive only if, for large values of 
j, the point (m,,+1, Ome, +1) is on the straight line with 
slope tig) passing through the point (m, Oomp,) + There- 
fore, if this upper limit is not zero, we have 


Paes Ni) en ay Am, +1 — Xm, 
3 a . : Titk 
lim api On = lim St Behe ae |p Pe le 
n= nN jz his 3 j=uow m( Ta) — 9) 
t 
= lim —. 
imo m(t)" 


In the case when the last expression is zero, the inequality 


(w) (w) 

el eae : t 
lim —t?——*-= lim —~ 
n=o nN (=o m(t) 


is obvious, by the obeeats on the first expression. 


1We eae that the point (m+ 1, os’) 41) can be either on the described line, or 
below it, but can never be above it. 
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We have thus proved that 


(w) (w) 
a _ ——— 
lim =e On =lim ps a: 
n mi(t 
Let us now prove that 

=— a) (w) (w) 
¢ a = — 
lim —2+1 Se fim Seti On 


It is obvious that 
ar (w) — —— (@ 
lim Sti <p Anti— an” 
n = n 
since a,2a,™. In order to prove that 
<a *" (w) (w) 
lim Gn+1~ En = lim Cat1— Gn. 
n n ¢ 
we remark that, ifn; Sn <n+1Sni41, where n; is a principal 
index, then 
(a) ‘@ @ 
Ont1— ay” Sani — on” = Ont IE a 
Indeed, the last part of this relation, the equality, is 
obvious, since for a principal index a,,=a. The first part 
is also evident, since, if n+1<n¢41, or if n+1=ni41, the 


index 7;,1 being not an index of discontinuity, the points 
(ni, coe P (n;+1, ne ’ (n, an), (a-+-1, Ont 

are on the same straight line passing through (m, a) and 

with slope 7,, and, if 7,4; is an index of discontinuity, and 

nti=nis1, then the point (n+1, affs)=(m41 af?,,) 

below this line, the other points being on this line. Thus, in 


sach case, the desired inequality is satisfied. We have then 
im anti On <i One 1 Ong ny =lim ai Ont <lim oti —~ an 
} = 00 n i=o Ng imo Ng nme 
And the inequality (2) is completely proved. 

Let us now pass to (4) and (5). 

By the conditions imposed on w(t) there exists a positive 
‘onstant & such that 


29) w(t) > ht. 
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If (3) holds, there exists a positive constant £,, which may 


be supposed smaller than 4 such that for large values of t 


| A(t) >kit?, 
and therefore, for large values of n, 
= _Bd (ut-4A) s Bd (nt— kit). 
Since nt—,t? takes its maximum at tp and, by (29), 
o(5F) = (7) >n (for sufficiently large values of n), the least 


n? 
upper bound is equal to this maximum, 1.e., to rT which 


proves that from (4) follows (5). 
Now suppose that (5) is satisfied. We may suppose then 
that for large n:n =o, 
‘ an”) <kin?, 


where the constant &; is such that 


nS =— <w(t)—1, 


for large values of ¢ (by (29)). But then, for large values of 1, 
A(t) mise (nt—a,“) = Many (nt—kyn?) =Max (nt—kn?), 
nSa(t nosnSw nano 


E : : , t 
since the last expression takes its maximum at EA or at 
1 


[ae both of which are smaller than w(t), and greater 
1 


than 7p, for large values of t. 
Thus, for large values of t, 


AW 2| bts EAl 2(a— 1) h(s-) get 


which gives (4) immediately. 
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6. EXPONENTIAL AND CONVEX REGULARIZATION 


We shall have to deal, in these lectures, with two types of 
regularization: one with respect to the function w(t) =e', 
which is of the type (1) (see page 12), the other, with respect 
to the function (¢), identically equal to + « (type (3).) 

The first case, w(#) =e is, by far, the more important one, 
and generally the theory we have been concerned with in 
the last paragraph is of interest mostly in view of the 
regularization with respect to a function of the type (1) or 
(2), since regularization with respect to w(t)= could be 
treated in a much simpler manner and is nothing but the 
rectification by the well known polygon of Newton (20). 

If w(t) =e', we shall write instead of a,™, P,, wbase, 
w-trace, w-generatrix, respectively, a, PS, exp.-base, 
exp.-trace, exp.-generatrix (read “exponential-base’’ etc .. re 
The regularization with respect to ¢¢ will be called exponen- 
tial regularization, the sequence {a<*>?}—the exponentially 
regularized sequence of {an}. 

Let {M,} be a sequence of positive numbers, an infinity 
of which are finite, M, being also finite. Put «,=log M, 
(n 21), and let us write M{=c*n"”. The sequence {M2} so 
defined will be called the exponentially regularized sequence of 
{M,} regularized by means of logarithms. 

For every r2=1 let us put 

a 
sal es 


If we write 7=¢', we have 


A(t) =log S(e*) =Max(nt—log M,) =Max (nt — an). 


Thus A(t) is the exp-trace of {an} = {log M,}. Therefore 
by the Lemmas I and II, 
log Mg=a,°™ = Bd (nt—A(t)) = Bd (n log r—log S(r)), 
éon ren 
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A(t) =log S(r) = Max(nt — an”) = Max (n log r—logiM?). 
n nsr 

That is to say, 


M?=Bd —~ 
ran 50 
S(r) = =Max + re 


The following statements are simple translations of corre- 
sponding statements in the general theory, expressed in the 


case w(t)=e¢', and where the quantities t, aa, a,“ are 
pees 


replaced by r=e't, M,=e™, M3 = etc. 
If the two sequences {M,} and {N,} are such that = 
(constant), =k, 


Lemma III. Jf {M,} and {N,} are two positive sequences, 
such that there exists a constant q 21 such that 


(30) M,sq°N, (n21), 
then, denoting by 


Su(r) = =Max = —, 
Sy(r) =Max a 


we have for every r2=q 


(31) Su(r) 2 Sw (2). 
If there exists a constant g=1, such that for every r2q 
(32) Su (2)25¥0), 
then 
Nevo « 
M,s—s—, 
(33) pg 
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where {M,} and {Ni} denote, respectively, the exponentially 
regularized sequences of {M,} and {N,}, regularized by means 
of logarithms. 

Remark. If (30) holds for large values of n, (31) holds for 
large values of r. If (32) holds for large values of r, (33) 
holds for large values of n. 

For example, let us put 


N,=a*n! (n21) (a constant >1). 


Ne 
Sy(r) =Max —— =) 


nsr an! Bil 


That is to say, 
a(r)r ta 
(34) eé@ <Sy(r) <e, 


We then have 


with a(r)>1, when r+ ~. 
We have also 


iwechid 2 Bad H Bea 
AOAC anne tees Be | « f 


2a"n! (an)*-"=a"n!=N,. 

In other words, in this case, the exponentially regularized 

sequence {V;}, regularized by means of logarithms, is the 
sequence itself. 
_ The Lemma III, or rather the remark which follows 
this Lemma, may be translated, therefore, in the fol- 
lowing manner (writing S(r) instead of Sy(r), and putting 
N,=n)): 

Lemma III@D, Let {M,} be a sequence of positive numbers; 
let us put 
Ig 


S(r) =Max 
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The two conditions: 
(1) There exists a positive constant u, such that for large values 
ofr 
S(r) >", 
(2) (My)”"=O(n),) 
are equivalent. 
That is to say, from (1) follows (2), and conversely. 
With the notation, V,=a"n!, from (34), and (1) it follows | 
that for large values of r 


| 

S(r) > Sy(gn), | 

where g=ya>1, if a is chosen such that en >1. That is to | 
Say, | 
: 

S (<) > Sx(1), | 


for large values of r, and by Lemma III", for large values 


of n, 
Me <Nn = (£)'n 
q q 


Thus (2) holds. 
If now (2) holds, we have for g>1 and sufficiently large 


Mi<qn!, 
and with the same notations as above, we have (with a=1, 
S(7) 2 Sy (5), 
and by (34) for large r with a suitable »>0, 
S(r) >". 
The Lemma is thus proved. 


1In Landau’s ee. if aN and y(n) are positive, g(n) =O(y(n)) means that 
en), 


un) 


i.e., V,=n!) by the Lemma III 
is bounded (22< Wn) < 
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Let us now translate the formula (13). We denote by 

M(r) the greatest integer m such that 1<n<pr and such 
that 


r™ 
S(r) all: 
We have thus 
rM(r) 
S(r) SOT pare 


and by the notations employed in (13): M(r) =m/(logr). 
Thus (13) becomes, if r>r’ >1, 


(35) log S(r) =log sir)+ | at ame, 


where W(x) is constant in every interval [r,, ra41), this 
function being discontinuous at the points 7,, which are the 
points of discontinuity of S(r) (with the notations of page 18: 
r,=e'"). We have dW(r,) =W(1,) -W(r,—0) >0. We recall 
also that S(r) and M(r) are functions increasing to infinity, 
and that S(r) =S(r+0), M(r) =M(r+0). 

Let us now pass to the simple case of convex regularization. 
If w(t) is identically equal to », we shall write instead of 
a,, P,, w-base, etc., a,’*’, P,("), w-base, etc. 

In this case there are no indices of discontinuity, and the 
o-base of a sequence of points {P,} (in the case w(t)= ~, 


: a : ; 
we suppose always lim = r co) is a continuous convex 
polygonal line, with the convexity turned toward y negative. 
This is the reason why we call this kind of regularization 
convex regularization, and {a,‘*)}, {P,‘*}, the convex regu- 


larized sequences of {a,} and {P,}. 
Let {M,} be a sequence of positive numbers such that 


lim (M,)'*= «© and put a,=log M,. Since lim = oo, the 
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Sequence: {a,} can be regularized convexly. Let us write 


Mi =e". The sequence {Mj}, so defined, will be called 


the convex regularized sequence of {M,} regularized by mean, , 


of logarithms. 
For every r21, let us put 


T(r) = 


This maximum exists since lim (M,)”"= 0. Writing r=, 


we have 


A(t) =log T(r) =Max (nt—log M,) =Max (nt—a,). 
n nol 


Thus A(t) is the -trace of {a,}= {log M,} and by Lemmas . 


I and II 
log Mi = ay”) = Bd (nt—A(t)) = Bd (n log r—log T(r)), 
A(t) =log T(r) = ~Max (nt—a,‘*)) = ‘Max (n log ive M}). 


That is to say, 


a 1 (eee ee etet 
cbr ey ve T(r)’ 
T(r) = =Max 


aE 


Lemma III becomes here neice care of the last state- 


ment in this Lemma) with the notations 


Tu(r) = =Max 7 > T(r) = =Max 7: 


NS 
Lemma II[@!D, If Peas exists a constant g>1, such that 
(36) M,s7'N,(n 21), 
then, for r= max (q, 1): 
(37) Tu(0) 2 Tw (2), 


1Jt is obvious that T(r) is continuous and that for every n21, To wm when re. 


Therefore Bd may be replaced, in this case, by Max. 
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And aoe uf (37) ts valid for r= max (q, 1), there 
folloxes (36) for n21. 
If om holds for n large, (37) holds Aes r large, and con- 
versely. 
By a proof analogous to that of III‘ we can establish 
Lemma III9Y, The two conditions 
(1) There exists a positive constant w such that for large 
values of r 
T(r) >, 
(2) (M;)'"=O(n), 
are equivalent. 
Let us denote by V(r) the greatest positive integer n such 
that 


T(r) te 
We have then 
rN (r) 
T(r) = : 
(r) eS 


Here also V(r) =m/(logr) (see page 37). And, since 7(r) 
is a continuous function, (13) is translated into the simple 


form 
(38) log T(r) =log T(r)-+ / *) tbs 
r 


with V(r) # ©, and N(r+0) =N(r). 

Such an integral valued function N(x), and the corre- 
sponding formula (38) were given, in the theory of entire 
functions, by Valiron (20), in dealing with Newton’s 
polygon. 

We shall use later Lemma IV in the case of convex 
regularization; we need therefore to translate its statement 
in this case. Since 7(r) is continuous 4,(t)=log T(r) 
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That is to say, 
Mi: — Miva Maal 


ec SS es SS SE 
¢ ¢c 
n+l Mii+2 DM at 
and 
mail ‘Me 
(15.—1)e—" = 23 Ms -., 
n=eny n+1 


Therefore Lemma IV becomes 
Lemma [V“ 


[sto dr=log T(1)+N(1)+ Oo Ze = 


1 n+1 


log T(1)-+1+-3- jis 
n=1 n+1 


Thus the integral and the series, in this expression, con- 
verge or diverge together. The remarks which follow 


a RTI “ern 


Lemma IV may be translated in the following manner: of | 


the convergence of either the integral, or the series involved 
in Lemma IV, it follows that 
Pn Co Bs PAC By 
7 rma Tt 
The convergence (or divergence) of the integral (and the 
series) involved in Lemma IV, is equivalent to that of the 


integrals 
/ N(r) AF if dN(r) 
ian? cr 


7. SOLUTION OF THE PROBLEM OF ANALYTICITY OF A 
CLASS 

We shall give in this paragraph the complete solution of 

the problem of analyticity of a class, proposed by Carleman 

~ in 1926(2) and solved by the present author in 1935(9). 

The solution is given by the following fundamental theorem. 
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Analyticity of a Class 4] 

THEOREM Il. A necessary and sufficient condition for the 
analyticity of a class Cix,) of t.d. functions, defined in an 
interval I =[a, b], is that 
(39) (M;)'"=O(n), 
where {Mz} 1s the exponentially regularized Sequence of 

({M,}, regularized by means of logarithms. 
ae means that, if (39) holds, then every function of Cim}, 
defined in [a, b], is analytic; and, if (39) does not hold, there 
is at least one function of C{y,) which is not analytic in 
(a, b]. 

Before we prove this fundamental theorem we need to 
prove some other statements. Let us begin by 

TueorEM III. 4 necessary and sufficient condition in order 
that a function, 1.d. for —xo <x<m, and periodic (with 
period 21), 

f(x) =F+ yy (a, cos nx+b, sin nx), 


be analytic, 1s that there exist a positive constant y such that 
for large values of n 
(40) 

We have for n21 


1 2 
a, =— =f f(x) cos nxdx. 


Integration by parts, repeated 7 times yields 
a= Ft [ijon(a) or or dx. 
But, since f(x) is analytic in [0, 2r], we have by Theo- 
rem I 


| a,| << fale 
| ba] <em™. 


[f(x)| <kepl [p21,0<*«S2r] 
where & is a constant. Hence 
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Since this is true for every p>1, let us put p=[F| 


afi 


| a,| — eye 
k 
And by Stirling’s formula, for large values of n, 
|a,|<e™  (y>0). 
We prove, in the same manner, that for large n, 


|b,| <e-™. 


Suppose now that (40) holds for x21. In the strip | y| <a, 
the functions cos mz and sin nz satisfy the inequalities | 


(2s=x+1y): 
ein2 —inz ny —ny 
[cos nz| = oe co esac 
2 4 
z ein ha eninz ny —ny 
| sin xz| =|———_—_ a yr 
21 2 


And, if a<y, it follows from (40) that in | y| <a 
, > | an cos nzt+b, sin nz| <2 ss e7(y-e)n, 


The series 
ot r (a, cos nz-+b, sin nz) 
n=1 


converges uniformly in |y| <a, and therefore represents a 
holomorphic function in | y| <a. The Lemma is thus proved. 
Next we shall introduce Tchebytcheff polynomials and 
give an inequality characterizing the growth of their succes- 
sive derivatives. 
The Tchebytcheff polynomial of degree n is given by 


T,(z) =cos n(arc cos 2). 


Putting z=cos 6, we see that if z is real and |z| <1, 
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Analyticity of a Class 43 
T,(s) =cos n8=R(cos +7 sin 6)"=R(cos 0+14/1 —cos9)” 
=R+V 1 — 22)" =R(z+-/22—7)" =3 [(z +/z2 1)" 
+(2—V7z2—1)"],! 
and it is seen immediately that 7;,(z) is a polynomial in z of 
degree n. 
We shall denote by Cz the ellipse with foci at the real 
points —1 and +1, the equation of which is 
x2 2 


eas 
2 tE=1, 


a? 
with a+b=R. We have thena=} (R+3), b=} (2-3). 


And, if z is on Cr, we have x=a cos y, y=b sin g, that is to 
say, 
(41) 2 = 3(Re*+ Roe), 
If we put z=cos 6, with 6=6,+70,, we get 
ee ee 

ar ae, ee 
This proves that, if z is on Cr, 0,=¢, 6,.=—log R, and we 
have then, if zis on Cp, 

T,,(z) =cos n(6,+16,) = 4( Re? R-“e-ine), 

and 
(42) | 7,(z)| <R*. 

In order to give the growth of the maxima of 7, in an 
interval contained in [—1, +1], we note that the follow- 
ing differential equation holds: 

(43) (x1) T*(x) + (2p + 1)xTP*Y(x) = [n?—p*] (a). 
With the same notations as before, we have indeed 
T,,(z) =cos 6, 


in 18 
T(z) =7 Sin 1 
peat tc 
in 6—cos 6 sin 
T(z) =—nt cos 6 sin 6—cos 6 si at 


sin’ 6 


1R$ denotes the real part of ¢. 
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which proves immediately, by substitution, that (43) holds 


for p=0. By differentiating (43) one sees immediately that . 
if (43) holds for p=g, then it holds also for p=q+1. Thus 


(43) holds for every p. 
We shall prove that if |x| <1, then 
3PnP 
(44) 729) | se 
n being given, we suppose that (44) holds for p=gq and 
p=qt1 and prove that it holds for p=¢+2. 
By (43) we have 


| Ty?*® (xe) | 4UaSHe a 4m aes) | 


and using (44) for p=g and ait we ee ie q+2 Sn, | 


2n + 3atinatt Sanat? 
| T,{2+?) (x) | =a (—x)eH 
3at2y att 


<a ayer 


But it is immediately seen that (44) holds for p=0 and p =1, | 


by verification. Thus (44) holds for every >. 

We shall now prove the following Lemma which will be 
very useful: 

Lemma VI. Every function f(x) belonging, in [—1, +1] to 
Cm}, can be expanded in a series of the form 


fe) = > aT), 
where the a, satisfy the inequalities 
|@,| <—— 
where 


S(r) = Max 


and where Ai is a constant. 
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Analyticity of a Class 45 
In putting «=cosé, f(x) =f(cos@)=F(6) is an i. d., pe- 
riodic, even function of @ in [0,27]. Therefore 
F(e)= 3 a, COS N6y 
and 
f(x) =F (x) =Za, cos n6 =a, cos n(arc cos x) = Ta, Late 
Such an expansion is also valid for every derivative f(x). 
Let us then write 
f(x) = Za, T, (x). 
We have 
fo) (x)sin @ =sin 62a,¢+ cos n§ =sing $. [f@(cos 6) ] a 


=-£ [f(cos0)], 


where f‘(cosé) denotes the gth derivative with respect to 
the variable x=cos@. But on the other hand 


¢ [f@(cos6)]=2(a,@cos n@),= —=na,sin n0. 
This gives 
sin 8 > >a, cos n@= )ona,sin 6. 
Using then the trigonometric identity, 
sin@ cos n6=4[sin(n+1) @—sin(n—1) 6], 


the above equality can be written 


ee [sin(n+1) @—sin(n—1) 6] = >ona,sin n8, 


or 
sin@ = 1 1 : = ‘ 
ayer SE § DY (atP—at?)) sin no= Y. nay sin no 
n= 


(45) a, = on 


~ 
a 


gt 
me syed sie 
p .* \ Ses : 
i (xpi 
a , (> sta2 extorrsb Le vy i ters ee 


wit no doll ~Asooes sldenevaie 


( muerte ens 
avinw 6d a oaenpe mi 


— wise in (shi) 


46 Infinitely Differentiable Functions 
From 


f™(cosé) = >> ancos n@ 
follows, for n 21, 


1 Qe 
a= | F'(cosé)cos nodé. 
mT Jo 


Integrating by parts we get 


2 
1 [af . 
a? ~— ae {pice sin n0odé. 
0 


nT dé 
But since f(x) belongs to C;y,), in [—1, +1], 
af (cos#) = | f+»(x)sin| <k4M,1(g=1), 
and 
| a,‘ | cokes 


n 


This gives by (44), substituting »—p+1 for n, and p—1 | 


for q, 
(p-1) lan”, | +] an-3,2| 
|an75 4 = 2(n—p+1) 
est ( i i ) 2k M os 
eet ile dian 50D), (ee UT 


Passing now from p—1 to p—2, and repeating this opera- 


tion p—1 times, since a,o=a,, we shall have 


Rapes <|4n2 or + | a,?5}5| 


(p—2) 
2(n—p+2) 
<a ies ( 1 ae 1 
n—p+2\(n—p)(n—pt1) (n—p+2)(n—p+3) 


S 2kOM 541 
(n—p)(n—p+1)(n—p+2) 


kot1M 41 
| a,0| 7, | 2, | <2 (n—p)(n—p+1) sevens 


where n2p+l. 


. 
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But if O</Sp, 


Sr a me 
n = p+ n, 
and therefore there exists a numerical constant C such that 
(46) | a,| < EO Met 1 <p sat), 
or 


fase (2 ey 


where B is a constant. 
It is also evident that (since Da, cos 8 is ani. d. function) 


C, 
| a,| > ra (n2=1), 
wheré C; is a constant. Thus 
Pairk A°Ms (1 <qsn, 221), 


where 4 is a constant, which, we can of course suppose, is 
greater than 1. We can then write 


el ret eek 
qan ne? _ «37 ne 
= 1 . 1 
n\@ n\ 
(4) (3) 
Max i 
asf 2 


and the Lemma is proved. 


We shall now prove an important theorem which is an- 
other form of the fundamental Theorem II. 

THEOREM IV. Let Ciu,} be a class of 1. d. functions defined 
in [a,b]. A necessary and sufficient condition for this class 
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to be analytic in [a,b] is that there exist a positive constant , | 


such that, for large values of r 


S(r) >e*, 
where 
7r* 
S(r) = Max MM 


Let us remark that, if all the functions of a class Cx), 
defined in an interval [a,b], are analytic, then also all the 
functions of this class defined in any interval [a’, b’] are 


analytic. This is seen immediately, since if f(x) belongs to 
Cia} in [a’, b’], then by a suitable choice of a and 8, the 


function f(ay+8)=F(y) belongs to Cj} in [a,b], but if | 
Cis} 1s analytic, when defined in [a,b], F(y) is analytic, | 


therefore f(x) is analytic in [a’, b’]. 

Thus, in the proof of the necessity of the conditions for 
analyticity we shall choose the interval [—3, 3], and for 
the sufficiency the interval [—1, +1]. 

We shall prove that, if all the functions of Cis) defined in 
[—4, 4] are analytic, then there exists a positive constant 
n» such that S(r) >e#", for large values of r. 

Consider, in the interval [—4, 3], the function 


(47) o(a) =D CaTu(2), 
where , 
(48) ‘8 — n?S(12n) 


The series (47) converges, together with all the series ob- 
tained by differentiation, uniformly in [—}3, +3], and ¢(x) 
belongs, in this interval, to Cix,}. 


We have indeed by (47), and (44) in [—4, +4], 
| e(x) | SE, CoTas'?’(x)| > (C,| (120), 
3°(3n)? 


since by (44) in [—}, 4], | 7m™(x)| s () 


=(12n)?. 
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And, since pS$3n <12n, we have, by definition of the func- 
tion S(r), 


S(12n) ater 


Pp 


Therefore, by (48), 


(p) < (121)? = i= 
| o (x) | 2 Ms w(2ay => = CM,. 


This proves our assertion. 
But if we suppose that C{y,) is analytic, (x), belonging 
to this class, is analytic in [—3, +4]. Let us put x=cos9. 


The function (9) = g(cos@) is then analytic in E | and 


the function f(v) =(5) is analytic in the interval [x, 2]. 
We have 


f(y= o(§ )- ¢ (cos $)- yy CiT 2 (cos *) 
oat > C, cos 3n (are cos (cos $)) = > C, cos ny. 


The function f(y) being even, is also analytic in [—z, 7]. 
Therefore, by Theorem III, there exists a positive constant 
y such that for large n 

[Cae es", 
That is to say, by (44), 

1 
n*S(12n) ~“ 

And, therefore, there exists a positive constant 6, such that 
for large n 

S(12n) >e**, 
S(r) being an increasing function, if 12n<r<1i2(n+1), 


S(r) = S(12n) > et > e8/-9 Sem, 


50. ~—s Infinitely Differentiable Functions | 
where un >0. Therefore we have proved that S(r) >e*", if 
C{s,} is an analytic class. | 
Suppose now that the condition of the theorem is ful. 
filled, and let f(x) belong in [—1, +1] to Cia. 
From Lemma VI it results that’ there exists a constant 
A>0O such that 


a 


f(x) = yet anT',(x), 


with 

1 

nN 
s(5) 


Therefore if n is sufficiently large, n =o, 


| a, | < 


=n 


PS ed te 
If z is in the closed ellipse Cz with R=e! we have, by (42), 
| T.(z)| <e*, 


and, if we choose 6<>p we have for n= 


ene 
rr tae miei lanai iiataaeel nailed 


| an79(z) | <e(-4)" =e", 


with the constant »<0. Thus 
DX |anTa(2)| is dX e 


converges uniformly in Cg. And >> a,7,(z) is analytic in 
1 A 


Cr, and particularly in [—1, +1]. Our theorem is thus 
completely proved. 
The fundamental Theorem II follows immediately from 
the Theorem IV and from the Lemma III", since by this 
Lemma the two conditions S(r) >e*", for large r, and (M,°)'” 

=O(n), are equivalent. 
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8. EXAMPLES OF CLASSES WHICH ARE NOT ANALYTIC 


It follows from Theorem II, that if 


n= 0 nN 


the class C{as,} is certainly not analytic. Indeed, for the prin- 
cipal sequence of indices (of the sequence {log M,}) cor- 
responding to the exponential regularization, M;,,=M,,. 


Therefore 
Tim Of)" > tim (M2 CCEA ate a 


n=o i= n,; 


and the condition for analyticity is not fulfilled for the class 
Cis} (Theorem II). 

Thus the class C{r(an)} with a>1 is not analytic, and in 
particular the classes of Gevray are not analytic.! 

It will be useful to give the following example of a non- 
analytic class. As we shall see later, this class has many 
interesting properties. 

Consider three sequences of strictly increasing positive 
integers {k;}, {A;}, {n;} having the following properties. 
For 12 i, 


’ 


ky>d;>1, ny=kn, m=1, 


lim a ay im 5 = lim 


log Ai log k; 7 
This occurs, for instance, if {,;} is any increasing sequence 
of integers with 


1 log Ss pi 
the other two sequences being defined by 
k,=[), log d,], m=1, nn =k, (421). 
Let now the quantities 8,; (121) satisfy the conditions 
0<fi<~, 0 SBujii Bui t (nisi —n,)log Mii (121). 
'The classes C{ r(an)} and C{ r(en+1)} are obviously the same. 


h, 2e%, lim = 
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Through each point (my Bn) draw the straight line of 
slope log n,,,, and, for n,S" <n, denote by 8, the ordi. 


nate of the point on this line having the abscissa n. That | 


is to say, 
Bn =Brit (n—n,)log m4.’ 
Denote now by {a,} any sequence such that 
ans=Bn; (121), anZBn (n=1). 


It is clear that the segment of the straight line of slope 
log m; passing through (n,, 6,;) and admitting as projection | 
on Ox the segment 1;Sx<n,,, is the segment which, in | 
regularizing exponentially {a,}, we have to call L,, and the | 
set of these segments constitutes the exp-base of {an} (the | 


sequence {n,} is here the principal sequence of indices) 


therefore a,° =8,. If n;<n<n,4,, we have 
(exp) 
es = Bn > Bn—-Bnz _ 


N—N, N—-Ng N—N, log mii =log k,+log n,, 


a —log n 2(1 =) (log &;+log n,) —log n. 
If we choose 

N=Ain, <kn=Nisy 
we get, for these values of n, 


a Cexp) 


a —log n 2(1 ->) (log k,+log n,) —log n,—log x, 


ie k; logk,; log n, 
Fes es eur 
and by the properties of the sequences, 
(exp) 
(49) lim (== —log n)= 2, 


If we put M, =e", we have Maem, and by (47), 
eM) ee 
n=e n 


Thus the class Cj} is not analytic. 
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In choosing in different manners the sequence {Bn}, we 
may construct non-analytic classes having various interesting 


properties. 


g. CLASSES OF PERIODIC FUNCTIONS 


We have seen that, in order to prove theorems concerning 
general 1. d. functions, it is convenient to proceed by way of 
the study of periodic i. d. functions. It is, as a matter of 
fact, easier, from our point of view, to study Fourier series 
and, as we shall see, conditions for analyticity of classes 
composed only of periodic functions, or even conditions for 
equivalence of two classes composed only of periodic func- 
tions, are much simpler than those concerning general i. d. 
classes. The chief reason for this is that in the periodic case 
we have to use convex regularization, instead of the exponen- 
tial one which must be used in the general case. 

We shall denote by C*;x,} the subclass of Cis, defined in 
(0, 2x], composed of all the functions periodic, together 
with their derivatives, with the period 27. That is to say, 
C*{a,} is the class of all i. d. functions defined for all values of 
x, periodic with period 27, and such that to every function 
f(x) of this class corresponds a constant k=k(f) such that 


for every x, 
(50) [f™(x)| <k"M,(n 2 1). 
We can also say that C*,y,) is the class of all i. d. functions 
f(x) in [0, 2x] such that f™ (0) =f (2m) (n 21) and such that 


(50) holds. 
Every function of a class C*{y,} can be expanded in a 


Fourier series 


(51) f(x) = pe (a, cos nx+b, sin nx), 


uniformly convergent in [0, 27]. f(x) is given by the 
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series obtained by differentiating m times (51). Each of 
these series converges to f™(x) uniformly. 

A class C*tx,} will be called a trigonometric class, or the | 
trigonometric subclass of the class Cja4,). 

The following Lemma is important for the study of trigo. | 
nometric classes. . 


Lemma VII. Jf 


f(x) = D0 (a, cos nx+b, sin nx) | 
belongs to C*(m,}, there exists a constant A >O such that for n> 1, | 


Je.|<— | 
(a) (n 21) 
|b, | < 


where 
—— T” 

T(r) =Ba | 
It is immediately seen that, if 
(52) lim (M,)"*=a<@, | 
then, for r>a: T(r) = ~, since to every e>0 corresponds a 
sequence {n;} such that M,,<(a+e)"; (721), and therefore 
ifr>ate, 


wee Layee k*: : 

| T(r)= Be (a)i<-. | 

If, in particular, 
(53) lim (M,)7"=0, | 
then T(r) = 0(r>0). 
Therefore the theorem we are considering shows that if 


(52) holds, f(x) is a trigonometric polynomial, 1. e., 


f(x) = > (a, cos nx+b, sin ay 
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If (53) holds, f(x) is necessarily a constant. 
If now 
lim MV"= o, 
the sequence {M/,} can be regularized convexly by means 
of logarithms, and 7(r) can be written in the form 


nel TT 


As we have seen, in Theorem III, for n>1, 
a= Fe ffx) “or dx, (p20). 

Since f(x) belongs to C*1x,}, we have 
jan] 2-2 <(4)'M,( 21). 


And therefore 


lel 1 ev 1 
(GY (3) 
A A 

ae M, 


Thesame inequality holds for | b,| ,andthe Lemmais proved. 
We are now able to prove a theorem analogous to Theorem 
IV, this time concerning trigonometric classes. 
THEOREM V. A necessary and sufficient condition for a 
trigonometric class C*{u,} to be analytic 1s that there exist.a 
positive constant w such that, for large values of r, 


(54) Dury ee, 


where 


We have seen, page 54, that if lim M,/"< ©, T(r) = & for 
large values of r, and the only functions belonging to C*{x,) 
are trigonometric polynomials. The condition (54) is then 
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Satisfied, and evidently the class is analytic. We have then » 
to prove our theorem when lim My" = @, i. e., ) 


Tr" 
T(r) = Max Mi, 


If f(x) belongs to C* 1,3, by Lemma VII, there exists a con. 


stant 4 >0, such that in writing 
f(x) = DS) (a, cos nx-+b, sin nx), 


we have 


If (54) is satisfied, we get 
| a, | <e-5, 
[bn] <e-a, 
and by Theorem III, f(x) is analytic. 


In order to prove the necessity of the condition (54), 


consider the function 


= COS NX 
ple >» n?T(n)° 


This function belongs to C*jx,). Indeed 
, eg”) (x) =+ Dae eae 


#T(n) Vane 


therefore 


|e) sD are 
but, since 


T(n) 2ar (p21), 


| o()| sM, © 4=CM, (p21), 
and g(x) eC*,s,}. | 
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If C*{,} 1s analytic, v(x), belonging to this class, is 
analytic, and, by Theorem III, there exists a positive 
constant y such that, for large values of n, 

i 
n?T(n) 


If n<r<n-+1, we have, for large values of r, 


<¢e7-™, 


T(r) >T(n)> a Senn > ene, 


and the theorem is proved. 

From this theorem, and Lemma III%V, and from the 
remarks on page 54, there follows the following fundamental 
theorem for trigonometric classes. 

TueoreM VI. If 

lim MY" < @, 
the trigonometric class C*ty,} 15. composed exclusively of 
trigonometric polynomials. If 

lim Mi*=0, 
C*\u,} contains constants only. If 

lim MY"= 0, 
a necessary and sufficient condition that C*y,} be analytic is 
that 

(M,)"*=O(n), 
where {Mj} 15 the convex regularized sequence of the sequence 
{M,} regularized by means of logarithms. 

If we return to the examples constructed on page 51, we 
see that if 6,,=0(i21), then M,,=M{,=1, and the class 
C*t,} 1s composed only of trigonometric polynomials. That 
is to say, the class C;y,} is not analytic (contains functions 
which are not analytic) but all the functions which are 
periodic together with their derivatives (with the period 27, 
for instance) are not only analytic, but each of these func- 
tions is a sum of a finite number of harmonics. 
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But it is also Possible to construct a sequence {M,.} with | 
lim M,”" = «©, and yet such that the class Cim,} is non. | 
analytic, its trigonometric subclass C"\m,} being analytic, 

The sequences {k; }, {2s} being those of page 51, let us py, 


—o 


5, = 108 72 (23), 


From n,=1, Misi=kn,(t2=1) it follows that 
ni=kyko- : "Ria, 
3,= log ki+log Re: ++ +log Ring 
1 


Since k; + , we have 


6;>0, 41>, lim 6;= oO, 


Serr rT prirneneeceenrernrn 


Put now 


8,=0, Bn, =0, Bug = 83(%3— m2) + “et +65(ni—n4_1) (1 =3). 
Thus 


Bnit1 — Bn; log Ny 
cet Oo 54 = OE toe a, | 
Nisi— Ng ti ee : 


and 
Bn, S18:n; Sn; log n;_, <n, log n,. 
It follows from the last two inequalities that, putting | 
P,=(n, log (n!)+ pn), if 2 is large, all the points (14, B,,) are | 
below the corresponding points P,,(i:>1), and the slope of : 
the segment joining P,, to P,.41 is greater than the slope of | 
the corresponding segment joining (n;, ,,) to (41) Bucs;). 
If we construct now the sequence {a,}, as on page 52, we 
see immediately that 


an‘) Slog n!+pn, (n>n,), 
and 


} 
| 
‘ My, <n len, 
That is to say, 


(M;)""=O(n), 
and the class C*,y,} is analytic. 
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We see on the other hand that, if n,<n <nisi(t>2), 
an”) =63("3— 2) + - - “+48i(ni— nia) +b4(n—n)), 
and therefore if 3<k <i+1, 


(*) ao P 
an x 5: (n mn) 
n 
That is to say, 


(*) 
. a 
lim ae = bk} 


and since &>&, 


. a . 
lim + =lim = 0; 
n 


which shows that 
lim (M,)”“"= o. 


The properties of our example are then proved. 


10. DIFFERENTIABLE CLASSES 


A class Ctx,}, or C*{,}, will be said to be differentiable, if 
from the fact that f(x) belongs to C{x,}, respectively to C*{1,,}, 
it follows that f’(x) belongs to Cy,}, respectively to C*ta,)}. 
It is clear that if f(x) belongs to a differentiable class, then 
all the derivatives f™(x) belong to this class. 

In this paragraph we shall give conditions for the differen- 
tiability of a trigonometric class. Such conditions for a class 
Cjx,} will be given later. 

It is obvious that if lim M"=M < , the class C*{x,} is 
differentiable, since, if 1/=0, this class contains only con- 
stants (see page 55), and if M>0, this class is simply the 
class of all trigonometric polynomials. For the more impor- 
tant case which remains, namely, lim Mj}/"= , we shall 
prove the following theorem. 

TueoreM VII. Jf lim Mi"= ©, a necessary and sufficient 
condition in order that C*1m,} be differentiable, 1s that 


¢y 


@ Ss = Ta 


a ‘ ; ' —s ; why my woe. om 
* ‘og 
| 


ek ‘ - (oH) + he 1 
— | 


i 4 ria» ; ort) Sar 


— 7 , 22 at T “a 


anny 


— iu ; 
: an po ub sorte bag 
7 ) Th Pa ei Pi - 
ic - mu i Se d 
ame . sce eworte doid 


cA ae al 


5 .? 

1? Se Pe rm wre ta esiztoqory fi on 

; oo | 

= ; 3 o. 

Zi AT <97e OF . 

iy ai deere bh tog baw ad SM shat: 0.70 sae) aunty A 
ae sar Vis osaaet,| ld oF eee tal rest? nae sds 


rf z. 


wisaetn (ot sunvled PS ge LOM 


mois werin 2, ike © of eynoind (nhl Xone sacl 
) 4 2it7 ot gnoled ta) \ evneviosb » ye 
Ssegralil sits .atbie> oviy Hegalaaw dnsrasnig € <a 
3 ene PO WO) encthaon bed aeebs I Mog TS & DO in. 
oid navig ad tt i 

eh jay aanle > Wee OW, sari Th tarts ane of 
ee eee nly omh tk oni ail 
os aid igehue & is gett Oe } 
“0 ROMS ed olelmoneing 
ifculy awe is vie ened \elsemeat a 


60 Infinitely Differentiable Functions 


ee -__ log T(r) 

9) Ea (log r)? au 
h tage 

where T(r) = = Max MM 


Suppose that (55) is satisfied, and let we =») (an cos nz 
+5, sin nx) be a function of C* sun}. By Lemma VII, 


n <a b,, G3 ey 
|a T(an) | <TR (n21), 
where «@ is a positive constant. Thus 


[fer (x) | < +e (|a,| + |b, | )ne+s <2y a 


For any 6>0, since T(6n) 22” it ; ’, (p=), we may write : 


($0) [fo*PC0)| 52.2 Fay Tam) <p " The) 


the last series being convergent if 8 is sufficiently small. 
Indeed, by formula (38), if B<a, 


mek / Ma : 
(57) T(an)_ Jt" — Jon pen loe(3) 
"T(an) 
and, on the other hand, if we put 
lim log T(r) = 


el ae 
it follows from Lemma V (1), that 
lim Nir) 


ar ae 


in other words, for r21 (since V(r) is greater or equal to 


ree 


unity), V(r) >B log r, where B is a positive constant. Thus | 


(57) gives 
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. ren cee n—B log (8n) log () rai -B toe($) ) log n—B log B. log (), 
and if 8 is chosen in such a manner that 
B log = 
0g 5>3; 
we have 


n T (Bn) < —2logn+C __ k 


7(an) = n? 
and the last series in (56) converges. Therefore 
[fo?(x)| <Le-M, (p21), 
where L and 8 are constants. Thus, since f®+!(x) is the 
pth derivative of /’(x), the latter function belongs to C"ta,), 
and therefore this class is differentiable. 
Suppose now that C*;y,) is differentiable and let us prove 


that (55) holds. 
Let us recall in the first place, that the function 


_ = Cos nx 
g(x) rr? nD n?T(n) 
belongs to C*{,} (see page 56). Therefore, if, as we suppose, 


the class C*{y,} is differentiable, then, since g(x) belongs to 
the class, »®(x) must also belong to it. But 


(3) (4) — 7 sinnx 
g(x) = UTE)” 


and, by Lemma VII, there exists a constant 4, greater than 
unity, we may suppose, such that 


n 1 
T(n) ~7/n\ 


n 9 
(4) 
that is, n 
[ie 
n< T(x) =¢ . ap pli ingle 
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Thus N(n) log 4>log n(n2=1). If now nSr<ntt, for | 


large values of n, 

N(r)log A =N(n)log 4 >log n>k log r, 
where & is a positive constant. Thus, again by Lemma 
V (1), 

- log T(r) é N(r) k 

l 
| lim Teg aye 2g lim pete log A>” 
and the theorem is proved. 

Remark that, since 7(r) is continuous, it follows that 
log T(e')=A(t)=4,(t), and, by Lemma V, the condition 
(55) is equivalent to each of the conditions 

c 1/n —— ¢c ees c n 
lim (A) <o, lim Sale co, lim (4)< ©, 


Therefore, by Theorem VII, we have the following: 

TueoreM VII! /f lim Mj!" < «, the class C*(m,) is differ. 
entiable. 
If 

lim M3!" = 

a necessary and sufficient condition in order that the class 
C*1u,} be differentiable is one of the following three equivalent 
conditions: 


aot ¢ i/n a ¢ ® 
6s)- fim (Fi?) Saeilen( SBF pd cian Grak a 


(59) lim 28 Ms 


< m, 


II. PROBLEM OF EQUIVALENCE OF TRIGONOMETRIC 
CLASSES 
For the equivalence of two classes it is sufficient, as we 
have seen, to give conditions for the inclusion of one class 
in another. We have therefore to find conditions in order 
that C*;y,} be a subclass of C*{m}. 
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Since, if O< lim M/"<, the corresponding class is 
the class of all trigonometric polynomials, and that, if 
lim J/,/"=0, the class contains only constants, we can im- 
mediately settle first of all the following’ simple cases: 
If lim My!" =0, C*(m,} ts a subclass of every class C*{ my}. 
If 0<lim My!" < ©, C"ag,} ts a subclass of every class CO" t’} 
with lim(M,’)!/" >0, but of no class C*{ uy} with lim(A4’)'/" =0. 
If lim M,!"= ©, C*x,} ts not a subclass of any class ‘Onvag 
with lim (M,)'" <0. 


cos nx | 
n?T(n) 
longs to C*ta,,} but, since it is not a trigonometric polynomial, 
this function does not belong to C*{,,). 

Therefore, the only case of equivalence, and, of course, 
the most important to be considered, is the following: 


lim M2/*=lim (M,/)!/"= «. 


In this case, we have the following fundamental theorem: 


TueoreM VIII. /f 
lim Mj/*=lim(M,)'/*= «, 
a necessary condition that C*{y,) be a subclass of C*( mr} is each 
of the following equivalent conditions: 
(1) (Mz)"=O(Mz)'", 
(2) there exists a positive constant a, such that for large values 


of r 


Indeed, as we have seen, page 56, (x) = si 
i 


T(r) > Tw (ar), 
where 
Tu(r) = Max aa 


Tae(r) = Max a 
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— ee 


Tf C*agey ts differentiable, each of the two conditions (1), (2) 


15 also sufficient that C*1x,) be a subclass of C*{ag}.! 
Remark. It follows from this theorem that, if C* arg} Is 
differentiable, the two classes C*{s,,) and C*( 4‘) are equivalent, 
Let us first prove that, if any increasing sequence of posi- 
tive integers {m;} is given, we can extract from it a sub. 
sequence {k;} such that the series 


Tu(*) 
(60) ; 
~ Tuc(h;) 
converges. We have indeed 
Tu(™) ES dt 
é ve — N (m/e), 

and, since lim V(r) =, we see that such a subsequence ' 
{k;} exists. Thus, {m,;} being given, {k;} being its sub- 
sequence such that (60) converges, consider the function 


_ cos kx 
v(x) "x 2 Tu (k;)° 


—F 


We have obviously 


: kh}? ht kh; r Tu(k;/e) 
Vn@)| sa 2 Tee Talk)’ 


k; k;\? 1 
(22 (2) M,’ 


Pp p Tr (k;/e) D 
|y(x)| seM, d) 7, (k,) <LM,, 


and ¥(x) belongs to C*,y,}. Therefore if, as we suppose, 
C*(m,} is a subclass of the class C* a}, ¥(x) must belong to 
C*j,}, But then, by Lemma VII, there exists a positive con- 
stant 4, such that ; 


1The equivalent conditions (M,)!/" =O(M’ yin, Ty(r) > Tu (ar)(r>ro), are nec- 
essary and sufficient that C’{m,} be a subclass of C°{a,’} without the restriction 
of differentiability of C°{m,’}. This statement was proved in a recent paper by A. 
Gorny (7). 
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1 1 
61 POOL Ta 
(61) Tul) Tae (h;[dy 92"): 
This involves the existence of a positive constant B such 
that 


(62) Tu(n) > Te (5) (nz), 


since, if this were not true, to every positive sequence, {B;}, 
increasing to infinity, there would correspond a positive 
sequence of integers {n;}, satisfying the inequality 


Tals) < Tae () (G=1), 


and it would be impossible to extract from this sequence 
{n;} a subsequence {k;} satisfying (61), contrary to the 
statement just proved. If we suppose now nSr<n+1, we 
have, for large values of n, 


Tu(r) = Tu(n) > Tre (3) = Ty (ar), 


which is equivalent, by Lemma III), to 
(M2) )iln =O((M,! ) Un). 
Let us now suppose that C*{yr,} is a differentiable class, and 


let 
f(x) = >> (aq cos nx+b, sin nx) 


be a function of C*;y,}, and suppose that, for large values of 


r, we have 


Tu(r) = Tw (ar). 


There exists a positive constant 8 such that 


|a,| < n| <a 


1 
Tu (Bn)’ M Tu my 


Consider the function 


F(x) = >> (& cos neo sin ns) = > (pa cos nx-+q, Sin nx). 
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66 Infinitely Differentiable Functions 
We have for large values of n 
Sresbelmcrpar: ‘odes! 
n?Ty (Bn) ~ 2? Ty (aBn)’ 
1 1 
1 geese 5 St te rome 

IQ6l <Se7 (Bn) <a Tur (abn)? 
and by considerations analogous to those of page 56, we see 
that F(x) belongs to Cjar,}. But f(x) =—F®(x), and, since 
the class Cjsr,} is differentiable, F(x) and f(x) belong also 
to Cisr,}, and the theorem is proved. 


| Pal < 


I2. PROBLEM OF EQUIVALENCE AND DIFFERENTIABILITY 
OF GENERAL CLASSES IN AN OPEN INTERVAL 

Let (a, b) be an open interval. The class C*,y,} defined in 
this interval is the set of all i. d. functions defined in (a, b) 
and belonging to Cj,} in every closed interval [a, 8], 
interior to (4, 4), i.e., a<a<8<b. In other words, to every 
function f(x) belonging to C*,y,} in (a, 6), and to every 
[a, 8]C(a, b), there corresponds a positive constant k= 
k(f,[a, 8]) such that in [a, 8] we have 

| f™(x)| <k*M,,(n 21). 

It is seen, by the Borel-Lebesgue theorem, that this defi- 
nition is equivalent to the following one: f(x) is a function of 
C’ix,} in (a, 6), if to a neighborhood sufficiently small of 
every point x, of (a, b) there corresponds a constant k>0 
such that the preceding inequality holds for 21. The 
classes C*;,} were first introduced by H. Cartan (3). 

The class C*{y,} is differentiable if from f(x)eC'sas,}, in 
(a, b), it follows that f’(x) €C*;a,} in (4, 5). C°{m,} is a subclass 
of C’;uy} if, from f(x) eC’), in (a, 4), it follows that f(x)e 
C*t uy}. If C*pu,) is a subclass of C*{1,), and conversely, the two 
classes are equivalent. 

By considerations analogous to those involved previously, 
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and largely based, as in the study of the analyticity of a 
class, on the principle of regularization (exponential regu- 
jarization), and, as in the case of trigonometric series, on the 
introduction of lacunary series, H. Cartan and the present 
author gave, in a joint paper, necessary and sufficient con- 
ditions for the equivalence of two classes C'tan}, C’tag}. But 
the complete proof of the sufficiency of these conditions 
requires, in addition to the exponential regularization, an 
inequality which gives a relation between the maxima of the 
derivatives of a function, which was proved, independently, 
by Gorny (7) and H. Cartan (3), and was based on theorems 
of Markoff and S. Bernstein relative to the theory of best 
approximation. It is, however, possible to prove the theorem 
on equivalence without using further new notions, provided 
that we make, as in the case of trigonometric classes, the 
restriction that the classes are differentiable (this restriction 
being made only for the proof of the sufficiency). 

We shall then prove the following three theorems, of which 
the last is of fundamental importance. 

THEOREM IX. A necessary and sufficient condition that 
Cm) be differentiable is each of the following two equivalent 
conditions 

in Miss i/n lm Mist i/n 
(63) im (at) <a, im (7a) <a. 

TueoreM X. If C"(y,} 15 differentiable, the classes C°tm,) and 
Cima} are equivalent. 

Tueorem XI. 4 necessary condition that C’y,} be a sub- 
class of C’;x,) 15 that 
(64) (M3) ijn =O0(M,’) ifn i 

'The three theorems explain the notation {M3} for the exponentially regularized 
sequence of {M,} regularized by means of logarithms. The index o in M% comes 


from the word open. For the general problem of equivalence in a closed interval 
(C{a,}) the regularization used is somewhat different, although closely related 


to the exponential one (4). 
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We have then the following in 


(65) 


Z,(x) =4( 7. s(x) 4- T,.(x)). 


i) 


|Z,°(0) | Sn», 


where D is 4 Positive constant. 
We have indeed, by (43) 


T,,(2+2)(Q) = (9?—n?) T,®(0), 
from which it follows that 


(66) 


| 7.°°(0) =[n*— (2g—2) 


| T,2¢+0(0)| = [n?— (2 


On the 


We have therefore, 


[2.49 (0)| =4| 7,20(0)| =3 


*] [nt (2g—4)3].. 


ntiable Functions 


this condition 4s also sufficiens tn 


of Cage} 


equality, for PSn, 


-n?| T,.(0)|, 


q—1)*]---(n?—1)| T,'(0)|. 

other hand, it can be seen immediately that, 

when n>1 js even, | 7,(0)| =1, 7,'(0) =0, and, when n>{ 
is odd, 7,(0) =0, |T.(0)| =n, 


when n is even, 


Z.2+(0)| = 3] 7,249) | = 2-1) 


[(n—1)*— 


and, when 7 is odd, 


—1Z,20(0)| =3| Tx", (0)| =4(n—1)2. 


12,28(0)| =3] 720+(0)] = 


at C°{M,} be 
le (4). 


2 
(2g— 1)?], 


m2... [n*—(2g—2)s], 


1)?—1];... 


+ [(n—1)*— (29—2y31 
21) [nt— (29— 1), 


iWe recall that H. Cartan and Mande 
ithout supposing that C°{ My} is differenti 


Thus 
putti 


| Z,¢ 


where 
gous 
of the 
Thus | 
Itet 
+d], 
(67) 
where 


A pe 


' extract 


propert 
term o 
starting 


(1) 


(2) for 


(3) for 


(4) for 


: os 
=) — BA) 
asl 7 
‘ > 
ty my & .* ~4. % dat 
ey 
: 97 o wiry Je Lit ria 


porae/* rnd ate 
<ot ta.8 ies 


i Pas ie a nel 


rar 4 oe 


a ijesnade ott 


j ~l (ean — 


= - 
2 . » ow Ro 
J i af oi (St - ~« 
Ma SS oth =e (Geese ‘3 
. * 
iu a Me 
4, > : ; eyelet oe antl Tae 
= oe uae [OT BS 


nts * - care na a ; 
ya) wees ae 


og 1%) ’ vis ‘. is a cen eet ioe 
i {tate 


- i 4 ‘ 


- 

ae © 
a_i i om 

; / A : ° 1} ieee = ee 


S 7. ae 7 


| Pie) oa 


eho " } re c aed) Deve 
¥ a eo tO) 


an 2 oe 


» 


General Classes in Open Interval 69 


Thus, if we take the first of these four equalities, we have, 
putting 1 =2r=2g¢, 


|Z20(0)| =4-2[p—(g—1)] +o 44) [rt Q—I)] 
22ap ape n 2q 
“Ge n(a) » 
where C; is a numerical constant. We can prove an analo- 
gous inequality for the other three cases. The second part 
of the inequality (65) is obvious, by the four equalities. 
Thus (65) is proved. 


It follows also, from (44), that, in every interval [—d 
+d], 0<d <1, the following inequality is satisfied 


(67) |Z. (x)| < Kane, 


where Kg is a constant depending on d. 

A positive sequence of integers {n;} being given, we can 
extract from it a subsequence {k;} having the following 
properties. D being the constant involved in (65), k; is a 
term of {n;}, such that k;>D and &,,; will be defined, 
starting from &;, by the inequalities 


(1) kisi >kj, ~r< 0, 
j=l jij 
(2) for i sq <k;, we shall have 
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(3) for every 7 we shall have 
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wn 21 Su(Ea) <2DSuthy)’ 
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All these. conditions can be satisfied simultaneously, since 
for every positive integer 5, 


. Tr? 
a an Fee 
Consider now the function 
= = LZr,(x) 
(68) F(x) >» Suh) 


This function belongs, in (—1, +1), to C*(m,) We see, 
indeed, by (67), that, in every interval [—d, d], 0<d <1, 
if Ria <p Ski, 


@)|=| > S| sxz oso 
: k? oO 
ao sae oe ae sim) 


But, if pS, we have also 
kp : 
See 
and from (1) and (2) it follows that 
k? 1 
5241 Suh , <M, 7a, F< 4M 
Thus 
| f®(x)| <K2(1+4)M, <R2M,, 
and f(x) belongs, in (—1, +1), to C’;y,}.. But by our hypoth- 
eses C’jy,} is a subclass of C’ty,j, therefore f(x) belongs, in 
(—1, +1), to C’{,). Thus there exists a constant Z >1, such 
that for ki1<psSk; 


» oy} =| so Z| 5 |Z )|_ Z2 (0) 
BMAP) brs Suet = |S (k:) 35141 Su (R;)| 


By the inequalities (65) and by the property (3) of the 


: ki \P i; 
sequence {k;}, we have then, since 3) = D 
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Thus, for Ar- Bat Sk., we have 


(69) <2(DL)’M, <S’M, (S constant). 


Sur Si 
By the property (4) this inequality is also true when 
1<p<kis. We have thus proved that, from every positive 
sequence of integers {n,;}, we can extract a subsequence 
{k;}, and determine a constant S, such that 


(70) Su(k,) & Max vm PECTS 


It follows from this remark that there exists a constant 
P such that, for n2=1, 


(71) Sur (ez = Max pray 


Pu P?M,” 

since, if this were not i: to every increasing to infinity 
sequence {P;} there would correspond a sequence {n;} such 
that 


Su(ni) < Max pay? Bay 


and it would be impossible to extract from this sequence, 
{nj}, a subsequence {k;} satisfying (70), contrary to the 
proved statement. If now n<r<n-+1, we have for large 
values of n 

Su(r) 2S = = 

ue (7) u(n) = Max py ‘Pa 2 Max Opa OP YM: 

= Max opp PPM 
Denoting now the expression (2P)’M, by N,, we see that 

for large values of r 


Su(r) 2 Sw(r) 5 
by Lemma III we get thus, for large values of n 
M; <N; <N,= (2P)"M,, 
and therefore we have 
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The first part of Theorem XI is thus proved. 

We shall now prove the first part of Theorem IX. || 
C°ta4,} is differentiable, the class C’{ss,_,) (i. e., the class Cin | 
with NW, arbitrary, and N,=M,_-1, forn=2) is also differ. | 
entiable, since, if feC’{,,}, then f’(x)€C%a.,, and, by the | 
differentiability of C° (Mal f''(x)eC(y,}, that is to say, | 
f' (x) €C°ta_,}, and C°;ar,_,) is differentiable. But this proves | 
that the class C%;5,,} is a subclass of C?;14,_,), for if f(x) ECL), | 


[tenes belongs to C%;x,_,}, and, since this class is differen. 


Applying now the proved part of Theorem XI, we have 
im mM: 1/n 
im Ge ) <0, 


n—1 


which is obviously equivalent to the first inequality (63), | 
By Lemma V, (2), the first inequality (63) is equivalent 
to the second one. 
Let us now prove the Theorem X. Suppose that Cy, 
is differentiable. Then, by what precedes, (63) is satisfied, 
Supposing now that f(x) belongs to C%,1,}, in (a, 5), con. 
sider an interval [a, 8]C(a, dD), with % as center. In this | 
interval we have 


U2 a [f(x) | <k"M,. 


Let x’ be any fixed point of the interval 
I= xP, not 2S |, 
and y a positive constant such that 
(73) 7 >Max( Ch, x) 
B—a 


where C is the numerical constant involved in (46), and k 
the constant involved in (72). The function 


| 
| 
tiable, f(~) €C°{m, ,} and C’;y,} is actually a subclass of C1 5,_ 1} | 
k 
i 
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(74) F.(x) =f (+ +2) 
erates: in [—1, +1], the inequality 
| Fe(x)| <(- ym, <7 
and we may write 


Fy(x) = 2) nT, (x), 
where, by (46), 


| a,.| <a ! (2<qSn). 


Therefore, for large values of n, we have 


(75) |a,| S Min “4s. Min M,__1 


2sesnM* isesn nm? Sy (n)° 


Consider now the function 
(76) 2(2) = aAe), 


This function belongs, in (—1, +1) to C*ys). Indeed, from 
(75), it follows, that 


2s 1 
Su(n)n” 
and, by (44), we have in de d, d|, 0<d <1, 
(77) 
(1 Ep Sees ante (x) <l? ya <LiM; > <DiM; 
Dear 7 08 age ce ones 


where Dg is a constant depending only on d. Thus 4(x) 
belongs to C*,a4. 

From (77) and (63) it follows that, in [—d, +d], 
(78) | &&+2)(x)| S$ D3+2Me,2 <D3+?R°M? <S2M2, (p21), 
where S, is a constant SE on d (and on the sequence 


(M,}). 
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We have, on the other hand, by (43), | 
T,?+*)(0) =(p*—n?) T,(0), (p 20), 

from which it follows that 


nl qP+2) @) Cpe 
+20) = oF n? i=ne Th 


2 


an1,,9(0) = p20) 


ate F,”)(0); 
in other words, we see that 
(79) F,,©) (0) = p*b) (0) — G+2)(()) , 


| Fe (0)| <(p2D3+ 83) M2 <4°M;, 
where 4 is a constant having the same value for any choice 
of x’ in I,, But obviously, for such a value of x’ 
Fy (0) =y>f(x"), 


and, by (77) and (78), we get immediately the inequality | 


: 

Therefore in I,,, the following equality is satisfied: 

(80) [f(x)| <(4y)>M3. 

We have thus proved that there exists about every point | 
xoe€(a, b) an interval, in which an inequality of the type (80) | 
is satisfied. Thus f(x) belongs, in (a, b), to C%tae%, and 
_ therefore C’,x,) is a subclass of C’;4’). On the other hand, it 

is obvious that C’j44 is a subclass of C’tmj, since M2 <M, 
(n21). Theorem X is thus proved. 

We have based the proof of Theorem X, in supposing that 
C’{u,} is differentiable, only on the inequality (63). Thus the | 
two classes C%{y,,} and C14, are equivalent if (63) is satisfied 
- Therefore if (63) holds, and if f(x) belongs to Cis}, we have, 
in every interval [a, 8]C(a, b), 

for? (x) | Shee, <keHKeM < BeM,, | 
and C*;y,} is differentiable. Thus the second part of Theorem 


IX is proved. 
If now (64) is satisfied, if f(x) belongs in (a, b) to Cy) | 
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and, if this class is differentiable, we have, by Theorem X 
and (64), in La, 6] C(a, b), 

| f(x) | <k?M? <k?P°M,’, 
and the second part of Theorem XI is also proved. 

We have thus completely proved the Theorems IX, X, and 
Al 

It should be remarked that, while in the problem of 
equivalence for trigonometric classes the convex regularized 
sequence plays an important role, in the general case (for 
open intervals, at least) the same réle is played by the 
exponentially regularized sequence. Since the proved theo- 
rems give necessary and sufficient conditions, one cannot 
expect to replace these regularized sequences by sequences 
regularized in an essentially different manner. 

We will close this paragraph by mentioning that the 
problem of equivalence has also been solved for classes Cj ,} 
and Cis}, in a closed interval (4). The principles of the 
proof of the general theorem relative to a closed interval are , 
the same as those for an open one, the regularization used 
in the first case being closely related to exponential regu- 


Jarization. 


13. QUASI-ANALYTIC CLASSES OF INFINITELY DIFFEREN- 
TIABLE FUNCTIONS 

The only function analytic in the neighborhood of a point, 
which is zero, and of which all derivatives are zero at this 
point, is the function identically equal to zero. In other 
words, if two analytic functions are equal and all their 
derivatives, of the same order, are equal at a point belonging 
to an interval, in which they are analytic, then they are 
identically equal. Thus the class C{,}, defined on an interval 
(a, b], is such that if f,(x)eCjmaj, and fo(x)eCintj, and if 
fi (x0) =f (x0) (n 20), xoe[a, b], then f:(x) =/2(~). Or what 
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76 ~—s Infinitely Differentiable Functions 
amounts to thé same thing, if f(x) eCin1}, and if f™ (9) = 


(n=0), xoe[a, b], then f(x) =0. Ae 
A class Cys}, defined on I=[a, b], is said to be ope : ee 


analytic if, from fi(x)€C{m,}, f2(x)eCiu,}, and from fi (x) ie 
=f" (x0)(n 20), xoe[a, b], it follows that f:(x) =f2(x) | i +C 
any xe{a, b]. This definition is equivalent to the following | a 
one: C{x,} is quasi-analytic on [a, 5], if from f(x) €Cyam}, and } 


from f\™ (xo) =O(n 20), xoe[a, b] it follows that f(x)=0 in | nie 
[a, b]. The equivalence of the two definitions follows at once eth 
from the fact that the sum and the difference of two func | te (1 
tions belonging, in [a, b], to Cjx,; belong also to the same | alsoit 
class. Quasi-analyticity constitutes one of the most impor Cal 
tant properties of the class of analytic functions. | Let u 
There exist classes which are not quasi-analytic. For | 
instance the class C{2,)1} is not quasi-analytic. It can be seen | suffic 
that the function defined on [0, 1] by the equalities f(x) =e7”" (82) 
if 0<x <1, f(0) =0, belongs, in [0, 1], to this class. Indeed | 
consider the circle C,=|z—a| =a, 0<a<1. Since, in the Ost 
closed circle C,, the function f(z) =e~””, for z <0, and f(0) =0, neces: 
is continuous, and is holomorphic inside this circle, we have | quasi 
by Cauchy’s es formula 
"nde |. Maxi cs) 
(81) [f™(a)| => c, (Z— a) "+1 a)*i| = nA =nla-re wher« 
Thus in [0, 1] we aoe 
[f™(x)| <n! Max a-ne~'/74 —\(2n)"e-. Sin 
Therefore f(x) €Cjceny1} in [0, 1]. But, on the other hand, | value 
f{(0)=0(n 20), and f(x) is not identically zero. Thus condi 
C{ cent} is Not quasi-analytic. lim J 
As Gevray’s study of the heat equation has shown, it is a nec 
important, from the physical point of view, to be able to quasi 


‘ indicate conditions under which a class C{y,} would be quasi- 
analytic. For example, the fact that classes C{rjen)}, with | 
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a>1, are not quasi-analytic has its significance in physics. 
Starting from these considerations, Hadamard proposed, in 
1912, the following precise problem: To give necessary and 
sufficient conditions bearing on the sequence {M,}, in order 
that C{m,) be quasi-analytic. 

Denjoy (5) gave conditions sufficient for quasi-analyticity 
of a class. But the problem was solved completely by 
Carleman (2), who, generalizing Denjoy’s theorem and 
methods, gave necessary and sufficient conditions. Ostrow- 
ski (16) gave a new proof of Carleman’s theorem; he gave 
also these conditions in a slightly different form. 

Carleman’s condition for quasi-analyticity is the following: 
Let us put pz=M,", and Hm = Min Un+n. A necessary and 


suficient condition that Cj,,; be quasi-analytic is that 
(82) Dae-. 
Hn 


Ostrowski gives the conditions in the following form: A 
necessary and sufficient condition in order that Cia} be 
quasi-analytic is that 


(83) 0g TO) dy = 2, 


where 


1 


— TT” 
T(r) = Ld i 


Since, as we have seen (page 54), 7(r)=o (for large 
values of r), if lim M,'/"< ©, which means that, if this last 
condition is satisfied, (83) is satisfied, we may say that, if 
lim M,¥" < ©, Cymp} is quasi-analytic and if lim M,1/*= o, 
a necessary and sufficient condition in order that Cyx,} be 
quasi-analytic is that (83) be satisfied, where 
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But we shall give also another condition, which seems < a 
us the most natural. Indeed, as we shall see afterwards, the 5 
two classes Cap) and C*;y,} (the trigonometric subclass of | 
Cis1,}) are quasi-analytic together. On the other hand, We | \ 
have seen, by Theorem VIII, that’a class C*;y,} is charac. 
terized by the sequence {M%}, which is the convex regu. | b 
larized sequence of the sequence {M,}, regularized by meany | 2 
of logarithms. As a matter of fact, the Theorem VIII shoy,| e 
that the two classes Css; and C*;4) are equivalent, at leag | $ 


if the class C";x,) is differentiable (and if lim M,""= «) | ¢ 
(From a recent theorem of Gorny (7), cited in the footnot. | I 
page 64, it follows that the two classes C*s,) and C*;xé) ar | f 
equivalent if, only, lim M,1/"= ©.) It is therefore desirabk | t 
to give conditions for quasi-analyticity bearing on {M‘|, 
It is actually possible to give such conditions, and we shall 
prove the following statement (9). 

If lim M,1/" < ©, Cyu,} is quasi-analytic. If lim M,'"= | 
a necessary and sufficient condition in order that Crm} be | 
quasi-analytic, is that 


(84) 


oy PS Le. = 


We shall actually prove Ostrowski’s statement and the last 
one. The following theorem contains the two statements, 

TuHeoreM XII. [f lim M,"< 0%, the class Ciag) 15 quasie 
analytic. If lim M,'"= 0, a necessary and sufficient condi. 
tion in order that Cim,} be quasi-analytic is each of the tw 
equivalent conditions, (83), (84): 
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and where {M,} 1s the convex regularized Sequence of the 
sequence {M,}, regularized by means of logarithms. 

That the two conditions (83) and (84) are equivalent fol- 
lows from Lemma IV“, 

The proofs given by Denjoy, Carleman, and Ostrowski are 
based on the theory of functions holomorphic in a half-plane, 
and, actually, the proof of the necessity of the conditions is 
even more difficult than that of the sufficiency. Here we 
shall give a new and simple proof for the necessity of the 
conditions ($3), (S4), based only on some considerations 
relative to the average values of a real function. The proof 
for the sufficiency of the conditions will be a combination of 
that of Ostrowski, and of that of de la Vallée-Poussin (19), 
both largely modified. 

The statement that each of the conditions (83), (84) is 
necessary for the quasi-analyticity of Cj} means that, if 
they are not satisfied, then it is possible to construct, in an 
interval J=[a, b], a function f(x), such that there exists a 
constant & satisfying the conditions 

|f™(x)| <k"M,(n21), (aS Sb), 
such that at a certain point xe[a, 5], 
f£™ (x0) =0(n 20), 
the function f(x) being not identically zero in [a, 6]. In 
other words, we have to prove that such a function f(x), and 
such a point x» exist, if 


85 ee 
5) = ft 

The interval [a, 0], where such a function exists, is ob- 
viously arbitrary. 


Our proof will be based on the following, unpublished, 
considerations of H. E. Bray, relative to the repeated mean- 
values of a function. 
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Consider a positive sequence {yu,}, such that Da 


=<, and let f(x) be an integrable (integrable L, i.e, 


Teheeoue integrable) function in an interval [c, d], with 
d—c>2p. Let us now write 


M,(x) =M(u, Ha,** “Hn; f(x)) Seer dt; ais: a 
ag 


Perici 11, dee 


—Bn 


It is obvious that M,(x) is defined in J,=[c+ Ys d 


- Son E and its values are independent of the order ip 
1 


which we take the quantities p11, 2, --* pn. 
It is also obvious that 


(1) M (un, be: *tns f(x)) = 


M(u Ma,** "Mk; M (ues 78 dns f(x))). 
We have 


M(x) = M (us; fl) =7 feted = 5 fd, 


Bi Je-—u 


| 
' 
| 
i 
| 
| 
| 


therefore M,(x) has a derivative almost everywhere in 


[c++ Hs, d—yi] =I which is equal to (f(e-+u)—fl@—m). | 


The function M,_:(x) is continuous for any value of 
m(m=2)-in I,-1, therefore, if m=2, Mn(x)=M(un; M(u, 
Lay ***> Mm—1; f(x))) has a derivative (everywhere) in J,, 
which is given i the formula 
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It follows immediately from (2), that, if n>2, 
) M,(x) has, in J,, continuous derivatives of order els 


,n—1, and that | M(x) | <Max | M;(x)|. 


If g(x) is continuous in [c, in in each interval [a, B]¢ 
[c+ui, d—mi], the following inequalities are satisfied, 


Max M(u;; 9(x)) <Max ¢(x), 
xe[a,B] xela —4;,8 +1;] 
Min Mu; ¢(x)) > Min g(x). 
ze[a, 8] zela —4j, 8 +14;] 
Therefore in every interval [a, 8]C/,, we have 
(4) Max M (um, May ** "Mn; y(x)) < Max M (i, Psy. Ps 


zea, 6 rela —pn, B+ 
Pal, Ee), 
Min M (py bay - ++, Uns 9(%)) = Min M M(u,, Hay ***y ni; 9(x)). 
sea,B zela —un, B 


It follows from (4) that, if we denote J* the interval 
(e-+p, d—p], we have 
Max M,(x) = Max Mi(x), 


aze* 


Min M,(x) = Min M(x). 


zel* 


In other words the family {M,(x) }(n 21) is bounded in J*. 


We see also by (4), in denoting by » the quantity >> Hn 


that we have, for n>, in every interval [a, B]C/*, 
AY Mn(x) = ax M,(x) = fin M,,(x) 
25 my (x) ave Mz, (x) Min M,, (x). 
[a —p'*0), B+uine)} zela —p'o), Burd] zea —p'"0), B +uiro)] 

Since the functions M,(x) are respectively continuous in 
I,, it follows from (3) that the family {M,(x)} is equally 
continuous in J*, (i.e., to every e>0, there corresponds an 
2>0 such that if x:el*, x2eZ*, and |%:—x3| <n, then 
| M.(*1) —M,(xs)| <¢, for every 1). 
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82 Infinitely Differentiable Functions 
From (4) it follows also, for every xoeJ*, that, if n > 19, 


Min M,, (x) <M, (x) <Max M,, (x), | 
ze[z9 —n (M0), zo+u("e)} xe[zo—p (Me), ze-+n(9)] | 
t 


which proves that M,(x) tends, in J*, to a limit. But, since 
the family {M,} is equally continuous in this interval, the | 
sequence M,(x) tends, in J*, uniformly to a continuous func. | 
tion, which we shall denote by M(x)=M(uy uy -++, py, 
| 
t 


i f(x)), or by M({un}; f(x)). 


From 
M(x) =lim M(x) =lim / MGs sas flee ee 
which is satisfied when xeJ*, it follows that 


CONTE IER (C2) roel BL Coe EE 
f(x+t))dt. , 


Hence, in J*, we have 
(5)| 4 MQ» Bay ~ 2 Pag." > 3 f(x)) = 


M(u., Pia Paes ih Bg) ade UE re oe 5 f(x—1)) 
Mi 
=M (us Bis Bre Bay" S INE ERY eM) a} 
2h 
Therefore we have finally the following statement: 

(6) In the closed interval J*=[c+y, d—y], the function 
M(x) is continuous, infinitely differentiable, and M’(x) is 
given by (5). 

Let us now return to our theorem on quasi-analyticity. 
We suppose, lim M,!/"= ©, and that (85) is satisfied. We 
shall put 
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In the interval [—3y, 3u] consider the function f(x), de- 
fined as follows: 
f(*)=1, if |x| Sp, 
f(x) =0, if u<|x| S3p, 
and the corresponding function M(x)=M(w1, us, ---, tee 
-++5f(x)). 
This function has the following properties: 
(1) M(x) is continuous and infinitely differentiable in 
[—2n, 2u] by (6). 
(1) M(x) is not identically zero, in [—2y, 2u], since 
M(O) lim pe iy fg 
Bly May *** y MnJ—w J—ps Bn 
(m1) M™(—2p)=M™(2u)=0, (n20). 
Let us write, indeed, 


fle) = fla), file) = LEH De), 
My 


— Sn—1(%+ tn) —fn—1(% — Hn) 
In(*) SPUR ey PRE Le er" 
Obviously, in [—2y, 24], we have 
(87) M(x) =M (uns, Pata, *** 5 fn(x)). 

Since we have in [—3y, —y], and [, 3u], f(x) =0 (n=0), 
we see immediately that M(uny1, --- 3 fa(—2u)) =M (ung, 
- 3 fa(2u)) =0 (n20). And (111) follows from it at once. 

(1v) M(x) belongs, in [—2y, 24] to Cym,). From the defini- 
tion of f,(x), we see, since |f(x)| <1, in [—3,, 3u], that, in 


(-3u+ 2s He 3u— 2 mi), 
1 
" s+ 
Fat) Biy M2, *** 9 Mn 
Therefore in [—2y, 2u] we have by (87), 
4% 
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| a4(~)| ~My May °° * 9 Mn 
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84 Infinitely Differentiable Functions 
But, by (86), we have 


1 


M; aioe 
Miy May *** 9 Mn *M? : Me 


= M%. 


Thus, we have, in [—2u, 2], 
|M™(x)| <Me<M,, 


and M(x) belongs, in this interval, to Cya,}. 

We have thus proved that, if (85) is satisfied, the class 
Cim,} is not quasi-analytic. 

Let us now prove that (83) (or (84)) is sufficient for the 
quasi-analyticity of Cyx,}. 

We have to prove that, if there exists, in [a, b], a func. 
tion f(x) belonging to Cy} which is such that, at a point 
xoe[a, b]:f™(xo)=0 (n 20), and which is not identically 
zero in this interval, then (85) is satisfied. We can suppose 
that x»=a, since if this were not true, we could replace 
(a, b] by that of the two intervals [x, 5], or [—xo—a] in 

‘which respectively f(x) or f(—x) is not identically zero, and 
we should have a function which belongs to Cj14,}, which is 
not identically zero, and is itself, with all of its derivatives, 
equal to zero at the left-hand extremity of this interval. 

In order to prove the desired statement, we shall need 
the following Lemma. 

Lemma VIII. If there exists, in [a, b], a function f(x), not 
identically zero, belonging to Cym,}, and such that f™(a) =0, 
(n=0), then there exists, in [0, 1], a function g(x), not iden- 
tically zero, such that g™(0)=y9™(1)=0, (n20), and such 
that in [0, 1], 

|e (x)|<M,.(n21), 
y(x) 20, o(x) =¢e(1—x). 


Since f(x)is not identically zero, there exists a quantity c, 
a<c <b, such that f™(c) =0, (n 20), and such that, for no posi- 
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tive ¢, f(x) is identically zero in [c, c+e]. We have, in [c, 6], 
f(x) | <b"My. 
Let us put 


p(n) = [ae ['senae. 


If a is any quantity such that 0<a<b—c, the function 
defined by the equality f:(x) =f(ax+c), is not identically 
zero in [0, 1], and is such that 

fi™(0) =0, (n =0), 
(88) [A (x) | <atk™*M,_2= My» (n =3). 

Consider_now the function f2(x) :f2(*) =f:1(x—x?). In put- 
ting x-x*=y, y’=1—2x=yi, we see that 
(89) fxlx) =fily), 

f(x) =fly)y 
fi () =f (y+ 
SS (— 1 RD TEED foyer (22). 


The last formula (89) can be easily proved by mathe- 
matical induction. It is true for n=2; by differentiation 
we prove that, if (89) is true for n=g, it is also true for 
n=q+1. 

We have obviously f.™ (0) =f (1) =0, (n20). 

We have also, in [0, 1], for n 23, by (89), 
ee PT ek h Ped Ce do 
(90) lf” (x) | <m,+ > si at bi ae 
where m, is the maximum of |f,{(x)| in [0, 1]. 
But, on the other oe we have 


fie O(a) =a [GO Hirodes 
thus, fat (88), for »23, 
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86 Infinitely Differentiable Functions 
We have, therefore, by (90), 


9 tn RAln(n—1)---(n—2k+1) 
( 1) | fe (x) | ~" p fart (143 Re 


PPA, eet , (2n)* - o tnays? 
Mn-2 2, (El)? < ee (2k) * wot Time My. 
Consider, in [—1i, +1], the function 
A(x) =(f2(x))?. 


We have, in this interval, 


(92) A(x) = 22) Ci” (x) foe (x). 


But the function 
—r. (yt 
O(y) fe ( ox ) 


is, in [—z, r], an even function, with 9™(—7) =@ (mr) =0, 


thus 
oly) =F+ Do dy cos gy, 
with 
4,== | (y)cos(ay)4y, 
‘and 
fala) =P+ Yo (—1)* dy cos(2mg4), 
f2(6) = 20D ded oe 
(93) d,=2(—1) ff dels) com rida) 


Thus we have 
(0) | 5 On) S dle 


’ and, by (92), we have in [—1, +1], 


1The original proof of this inequality (with other constants) was different from 
that given here. The proof given here, due to Kuzmin, was communicated to the 
author orally. 
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0) 4) | s2mnf2 LEYS Jal) (X lel 
+ EOE ladon lalonn. 


If we use now Holder’s inequality 


YD wee S( Do ug). (DD v8) ve (+ ; 1, u,20, 420), 
where we put 
uq= [dq] */"g*s fh || mathe ant —— 


we get 
ry |d,| q* < ( ym |d,| gn)*in, ( My |d,| ) (a-b) In, 
q=1 qg=1 q=1 
We can prove in an analogous manner that 
> |d,|gr-s (2 | dg] qn) (Bin -( 3 |dq|)*/*, 
- ~ - 
and it follows, from (94), that 


08) [aC] snp 42 LI4 ¥ Jal) 
+X CAE ldal yb CS ldalor) SC (An) [dal ar 


From integration by parts of (93) repeated /(/=3) times and 
from (91) it follows that 
(96) (2mg)'|d,| S2-e?*M’ 1+. 
And finally (95) and (96) give (in putting in (96), /=n+2), 
| A(x) | $2C (4m) ™(Qer)—n-2e2int (35 *) Mi 
=] 
=L(2ake?)"Mp, 
where Z is a constant. If a is chosen such that 2ake? <1, the 
function 


o(x) = ~f9) 


satisfies all the desired pets of the Lemma. Thus the 
Lemma is proved. 
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88 Infinitely Differentiable Functions 


It results from this Lemma that, if we suppose that the 
class Cjy,} is not quasi-analytic, there exists, in [0, tha 
function f(x), belonging to Cjy,}, not identically zero, Not 
negative and such that f™(0)=/™(1)=0. We can eve f 
state that such a function exists with |f™(x)| <M,(0 Sx 1) | 


(n=1). Consider now the function 


1 
(97) Kiny= | rosy ne 
0 
F(z) is an entire function of the complex variable z, with 
1 
(98) F(l)= fi flx)e-* dx >0. 
0 
If 0<p <1, let us denote by C, the circle 
1—2|_ 
(99) Rea 


The point z=1 is inside of every C,. The center of C, is 


the point z, “> its radius is R, Sey, We shall choose 


1 1 
only such values of » that F(z) has no zeros on the circum. 
ference C,. There exists obviously an infinity of such 4, 
with p #1, since if this were not true, the zeros of F(z) would 
have a limit point on a finite distance, and F(z) would be 
identically zero, contrary to (98). Let a1, aa+++-ancp) be 
~ zeros of F(z) in C,. Then we can write 


(100) F(z) =#,(z)(z—a1)™(z— a2) ™- - -(Z— ancy) 0), 
where @,(z) is a function holomorphic in C, (closed), without 
zeros in this closed circle, and where the m; are positive 
integers. 

' Denoting by p, the quantity |z,—1]|, since the argument 
of 1—z, is 7, we have, by Poisson integral formula, 


1 22 s— ps 
log |#(1)| = [log | 26st Ree”) gery ee a 
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ay d 
=f flee | &(z)| ie 


and by (99), 


(101) log *(1) => — foe joc) ({t 
We have, on the other hand, in putting SEL? a being in 
Cy 

feel dsl = f tog | + — al [ar 


fl =p 
f loz | s+1] | de]. 
ltl =p 


‘ ahs l-—a a 
But, since a is in C,, |_| <p and it is easy to calculate the 


first integral,! which is equal to 2rp log p. The last integral 
is zero (by Poisson integral the value of this integral is 


log |¢ +1], with ¢=0). Thus 
(102) fea aa =2n(p log p+ log|a|) >2rp 


log |1—a]. 


iWe have log 
Is|=p 


dy, (t= peiv); put y= = =b¢i8, The value of the last integral does 


l-—a me! l-—ea a 
—-—%\|dtl=p log |-—*—t | 20=25p log p+p | log 
a 0 4 ) 


be ete 
not change if we replace a its absolute value b ae need only replace y—g by a 


d b—cos ¢ a 
new variable). But 75 ice b—cie|dg= eer don, and psd. 
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90 Infinitely Differentiable Functions 
The formulas (100), (101) and (102) give thus immediately | 
(103) log | F(1)| =log |,(1)| +m, log l1—a,| 


+-++-+m, log |1—a,| Sa $f, koe | @,(2) | 241 


||? 
m, flog |z—ai| ttn flog |z—a, 
+ pe Pea elt te f eel ay 
ds 
Salleh & 
Ey og |F()| 


Integrating by parts (97), & times, we get, since 
f£™(0) =f™ (1) =0(n 20), 
1 
F(x) =. =f f®(ne-™ dx. 
0 


Therefore for Rz >0, we have the beg 


(104) |F(2)| Srp [ \f™(x) |dx ai 


Since this inequality is satisfied for every k, we have also 


if lim M,!/*= 
. M 1 1 
F <M = = : 
k 


We have therefore, by (103), 
whe f 28 F(z) 


ro | Tos) | “| 8 lpr z| 3 | q 
Cp 
s— log. IF()|. 


If we denote by Ci the part of the circle C,, passing 


through the point ant _ 


lines Iz =—t, Jz=t,! we have, for large values of t (since 
log 7(|z|) tends to infinity with |z]), 


al log a 21) | dz| <— log | F(1)|. 


1Jz denotes the coefficient 2s fins. 
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But when 7 tends to unity, C$ tends to the segment of the 
straight line Rz= 3, situated between the two lines Jz = —t, 


and Jz=t. Therefore, if ¢ is positive large, 


; 
log T(r) log T ([3+ir|) 
(105) = 1 flog TO. ae a al ee Ay 
S— log|F(1)|, 
which proves that the integral 


/ log T(r) 4 
greets 


converges. Therefore, if this integral diverges, Cj) is a 
quasi-analytic class. 


“i 1/n © M, 
If we had lim M,’"< @, ae Tel would be, for large values 


of |z| zero, and, by (104), F(z) would be zero for large values 
of |z|, i.e., identically zero, contrary to (98). Thus, in the 
case where lim My/"<, the class is also quasi-analytic. 
Our theorem is thus eipleealy proved. 

Remark. We shall notice that from (105) it follows that, 
if in [0, 1], f(x) 20; f~()=f~(1)=0, (n20), f(x) 40 
f(x) | <M, (n 21), then 


2° 1 
[ ae dr<—n log [ f(x)e-*dx, 


: r 
and, since 7(r) =>—, we have 


M 
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fee [ ir +f Feri samo | ee 
which gives, by Lemma IV™, since for r21:4-+7r?S%’, 
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; 
log M,—1 Slog M,(1+4 arc tang 2) 7 og [s(odesdes 


For instance, if M,=Max fra) | (nz), M,=1, fo 
-=f(1) =0(n 20), f(x) 40, 


ae oe ate, 
Dans "4 log [ f(a)e dx. 


14. DECOMPOSITION OF AN INFINITELY DIFFERENTIABLE 
FUNCTION 

We shall prove, in this paragraph, the following very 
general theorem proved by the author in 1939. [12]: 

THEOREM XIII. Every function, infinitely differentiabl, 
in a closed interval [a, b], 1s a sum of two infinitely differen. 
tiable functions, each belonging, in [a, b], to a quasi-analyti, 
class. 

Obviously, if an i. d. function does not belong to a quasi. 
analytic class, the two functions into which we decompose it 
by theorem XIII, do not belong to the same class, since, if 


) 


| 
i 
| 
' 


they did, the given function would also belong to the same 


class, contrary to the hypothesis. 

We may suppose that [a, 5] is the interval [—1, +1]. 
Let then f(x) be an i. d. function in [—1, +1]. We shall 
suppose that f(x) is not a polynomial, since for a polynomial 
the theorem is obvious. Then, by Lemma VI, we have, in 


[—1, +1], 
f(x) = Do anTn(X), 
with 
(106) | as| <*. (nA), 
Ww 
where 


S(r) = Max 2 —, 
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O<m, = Max |f(x)|(p21), 


and where 4 is a positive constant. 
By (35) we have, if r>r.>0, 


log S(r) =log sirp-+ [M0 it [awe, 


where M(t) is a positive function increasing to infinity 
with #, and taking integral values; the second integral is 
positive. 
Let us choose ro >0 such that M(r) >2, log S(ro) >0, and 
let us put m(r) =M(r)—2, if r=ro, and m(r) =0, if r<ro. 
We have the following inequality for r=rq: 


log S(r) 22 log (£) vy) dt =2 log () + [2 ‘7 
0 
and putting 
_ [ m(tt/2) 
N= [a 


we have, for r=7o, 

(107) log S(r) 22 log (£)-+ i] NO a, 
0 
0 


where V(t) is a non-negative function, taking integral values, 
and tending increasingly to infinity with ¢. M(t) is ob- 
viously zero for small positive values of ¢. 

The quantity a being greater than unity, denote by 
{t.}(¢20) a sequence satisfying the following inequalities: 


ti >to=0, te41>at,(g 21), 


i 
(108) Ee fe ) IF NO tft (22). 
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Such a sequence {t,} exists. Indeed, if «, 8 and d an 
positive quantities, with \>e, B>Aa>0, the following | in| 
equalities are satisfied 


[Ee N() aes jee N(®) a> Nha) log (2) = 


a Aa 


N02) log (2) (18. 


and if, « being given, we choose 8 and X such that 


then 


Thus, when a is fixed, the left-hand expression tends ty 
infinity, with £. 
Let us now put 


N= ag gavlag NO (722), 
log ( ee 


and 
N(r), if togSr<t 
Nir) = as tc >0), 
Noaca+tyy if togy1 ST <taesty 
N(r), if tag+i sr <tece+t» (q =0), and if 0 sr <h 
N.(r) = ; 
Nee+1) if tog Sr <tegsi(G 3 i} 


Let us also introduce the functions 7(r), 7:*(r), T:*(r), | 


defined in the following manner: 


be Tine fon NO as, 
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(109) log Ti*(r) = | Ni as, 
0 


log 7;*(r) = / a) dt. 
0 


The functions N,(r), N2(t) have, both, the value zero for 
small values of r, they are integral valued, and they increase 
to infinity with r, Let us prove these properties for N,(r). 
The proof is the same for V(r). The first two properties are 
evident by definition (V(r) =0 for small values of r). In 
[tse tes)» Ni(r) increases, by definition. In [tegs1, tacerty)s 
we have, with tz, Sp <togy1, 


Ni(r) =N 1 (e041) = N 2 cee) = (en Ni) dt 
log ( Hen 


beg+t 


t 


1 


1 be 
ot NG) —j—_ / — | =[N(toe+1)] =N (teqs1) 
tog+1 ) 
= N(p)=Ni(p). 

Thus, Vi(r) increases. But, since Ni(teg)=N(t2,) tends to 
infinity with g, V;(r) tends increasingly to infinity. 

We have, in each interval [te,, t2¢41), the inequality 

*(r) S$ T(r), 
and, in each interval [t¢41, t2¢¢41)) and in [0, t;) the inequality 
2*(r) S$T(r). 

Let us prove the first inequality in [t2,, t2¢+1). We have, in 

this interval, 


log T:*(r) = fe MO y= - (M2 NO at+Ns log (2) (:)+ /* NO ay 
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But, by the definition of the quantities V,, 


tip 
Ms log (1 te j=) [20 dt, 
top-1 


therefore we have, in [t2q, t2¢41), 
log T:*(r) s / x d= log T(r). 
i 


The proof of the corresponding inequality for 7;*(r) is similar, 
We shall now prove that 


(110) fees ira [ a Teo drm a 
1 1 . 


Let us prove, for instance, that the first integral diverges, | 


If tee-1 S77 <teg, then 


log 7;*(r) = - ("2 (4) az [40 dt = N,(ta¢-1) log (* ) 


tg-i 


= Nx, log (2 a >} 


, we have by the definition of 


And, if we put now toe : 


2q-—1 
{t,}[(108)] for g=1, : 
ttq 
i * log ( _ ) nS 
[eepte are Nis. fee ira Ne [1H ay 
& £ tog—1 ie 
taq—t tre—1 


> Nu Has flee a = [tar b>0, 
feq~ H 7? ; 


where d is a positive constant independent of g. Thus 


tre - 
* [log Ti*(r)dr log 7;*(r) ae 


trq—1 th 
Let us now define quantities }, and c, in the following 
manner (the quantities a,, and 4 were defined previously): 
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= i if 4 V tog sn <A V logy 
4 0 ’ if 4 V togtt sn <A V te(g+1) 


-\" if AV tegyiSn SAN tik 
aa (es |, VAT <n<AV trai {az0) 
We have obviously for n =0, 

batCn = ap. 


(720), 


(111) 


Let us now put 


fils) = ¥ ba T(x), 


filx) = ans). 


Thus we have in [—1, +1], 
f(*) =fi(x) +f2(x). 
We shall now show that each function f;(x), f2(x) belongs 
to a corresponding quasi-analytic class. 
From (106), (107), (109), (111), and from the inequality 
T;*(r) S$ T(r), satisfied in [t2,, t2¢41), it follows that for n21, 


[>| (5) Ce) aye) aay 


It follows from this inequality and from the inequality 
p?| T, (x) | =(5)'n", [—1 s*s 1], (ispsn) 
that in [—1, +1]; for p21, 
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If we put 


— (112) M, = 


i om 
: 
i 
rP ‘ 
Max Tac (P=), | 


the function fi(x) belongs to the class Ci}. 
But from (112) it follows that for sufficiently large ; 
T(r) = 
Indeed the inequality 
(113) Ti*(r) = Max 77, 


P 


pel My 


follows from a But one can also write, if V u(r) >1, 


(114 = ieee Stet Ste Fs Oe 
( ) oat TA p2l p? Tas " 


ax———~ Max 
p20 11*(p) p20  T¥(p) 
Since, for p2> 1, we have 


cae Nir) 
oe f27",) oe fir) = motoge,— [2 i(t) dt 
-(2r00 <i [#2a)- Ni(r)log (2 ee) [io Nilt) 


Ni(r) 


that is to say, 


(1s) —Ni(on) 06 (5) los (Fe 5)~ 8 (Fe) 
<(N.(7)— (a) log @ 


| 
| 
we see that the expression E 


Ni(r) 


fai 
i*(p) 
has the same value (when r is fixed) for all values p such 
that 
Ni(p) =Ni(r), 
that it increases when NV i(p) <WN,(r), and decreases when 
Ni(p) >Ni(r). 
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Therefore we have 


py r™ (r) 


Pe ie 
p20 Ti(p) T(r) 

and it follows from (114) that, for r such that N,(r) >1, 
Max 77 >TA(n), 


which, together with TH gives, for r such that N,(r) >1, 


T.* 
(115) 1 (r) = ie Mr 


From (110) and from the fundamental Theorem XII, on 
quasi-analytic classes, it follows that Cisr,} is quasi-analytic. 

One can prove, in the same manner, that f.(x) belongs to 
the class Cia?) ,where 


M,® = 
Max ray T;¥(r)’ 


and that this class is quasi-analytic. Our theorem is thus 
proved. 

Remark. From (112) and (115) it follows that for large 
values of n: Mj‘=M,, and from the quasi-analyticity of 
Ciy,} it follows that 


i , 
(116) Leelee. 
Myst n+1 


Let Il be the «-base of {log M,’}. If a is the quantity 
such that there exists a point (n, log M,') on the straight 
line y=ax, and there i no such point below this line, then, 


tog Me 


for n such that Shor the following inequality is sat- 


isfied : 


log M,,1—log M,/ =log Mi4,,—log Mg= bog M a =e Me 


In other words, we have 
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And it follows from (116) that 
1 
One® 
We have obviously also 
1 
Lan © 
Carleman (2) proposed, in 1926, the following question: 
Let fi(x) and f2(x) be two i. d. functions in an interval 
[a,b], such that, if we put 


mx =Max |fi™(x)| (n 20) 
m, =Max |fx™(x)| (n 20), 


we have 

Lim = 1 ee. 
(117) 2 Gaye 2 Gini = ’ 
and such that 
(117*) fi (a) =f2(a)  (n20). 


Can one say that, in [a, 5], the two functions are identical? 
San Juan (18) gave to this question a negative answer, 
He proved that the function 


E(x) i eV" (sin 4/2) “dt (x20), 


which is such that ¢™ (0) =0 (nm =0), is a sum of two functions 
fi(x) and f2(x) for which (117) is satisfied. Therefore the 
two functions /:(x) and —f2(x) obtained in this fashion give 
a negative answer to Carleman’s question. 

But the general Theorem XIII which we proved in this 
paragraph gives, in particular, a much larger answer to 
Carleman’s question. Indeed, it follows from Theorem XIII 
and from the remark which follows its proof, applied to 
functions which are zero at a, and of which the derivatives 
are zero at this point, that 

Every i. d. function in an interval [a,b], which is equal 
to zero at a and of which the derivatives are zero at this point, 
is the difference of two i. d. functions f1(x), fa(x) satisfying 
(117) and (117'). 
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15. APPLICATIONS TO INTEGRABLE FUNCTIONS 
NEW QUASI-ANALYTIC CLASSES 
We shall see that some of the statements on quasi-analytic 
classes might be applied to the study of functions integrable 
L. The magnitude of an integrable function f(x) (by in- 
tegrable we shall always understand integrable ZL) in the 
neighborhood of a point xo can be only characterized by 


the value of the integral 
Zeta 


| f(x) dx. 


Thus, we shall introduce the following definition: 
If f(x) is integrable in [a, b], and if for a point x(a $x» <b) 


we have 
nity log( —log [ 170) |4t) 

Tab ae 
then we shall say that % is, for f(x), a right-hand mean- 
palue zero of exponential order p. 


If for a<xo Sb we have 

log( —log [ro)| a) 
oe Dota 
a=—0 —log(— a) 


then % is, for f(x), a left-hand mean-value zero of exponential 


order p. 
It is easy to verify that, if f(x) is continuous at x, and 


is, in a neighborhood of this point, of the form 

f(x) = ¢(x) (x —xo)*, 
where v(x) is continuous at xo, (xo) #0, then p=0. But 
if, in such a neighborhood, we have 


me 


f(x) = o(x)e@=a 
then p=h. 
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Now we shall recall the definition of the index of con. 
vergence of a sequence of positive numbers. 

The index of convergence 7, of the sequence {4} (n,4 a) 
is the greatest lower bound of the quantities & such that 
1 
ene 

Thus for any e>0, we have 


yee ery 
1 
Yaa 


7? 


The problem we are dealing with in this paragraph js 
the following one: 

To give conditions such that, if the Fourter coefficients of 
an integrable function in [0, 21], which has a mean-value zer 
of exponential order in [a, b] satisfies them, then this function 
1s zero almost everywhere. 

One answer to this question is given by the following 
theorem: 

THEOREM XIV. Let f(x) be integrable in [0, 2x], and sup- 
pose that x =x» (xoe[0, 2a]) is for f(x) a right-hand (or a left. 
hand) mean-value zero of exponential order 6>0. 

Suppose that the Fourter series of f(x) 15 of the form 


f(x) > (am; COS Mx+bm, SiN mx), 


| 
| 


_ the index of convergence of {m;} being ao witha <i. If 

o 
1-0’ 
then f(x) 1s zero almost everywhere. 

This theorem will allow us later on to introduce new and 
important quasi-analytic classes. 

The proof of this theorem is essentially based on the fol- 
lowing Lemma. 
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LemMA IX. Let {ny} be a positive increasing sequence 
of integers with an index of convergence o <1. Let m be a 
positive integer different from all the ni(i=1). 

If a and b are two real quantities such that 

a’?+-5*>0, 
and if p15 a quantity such that 
o 
p A aS, 
then, to every positive a, sufficiently small, there corresponds a 
function Ya(x) having the properties: 
(1) a(x) is an 1. d. function in [0, a]; 
(2) ya™(0)=ya"(a)=0 (n2=0); 
(3) on putting 


a 
a, = | ya(x)cos nxdx, 
0 


b,@ = af ya(x)sin nxdx, 
0 


we shall have 
a=a’’ =)@ =0; 


(4) there exists a positive constant w, independent of a such that 
| aan +bbn®| >wa?; 
(5) | va(x) | <ea7’. 
Let us introduce three positive constants , 73, 73 satis- 
fying the inequality 
(118) Y=mtmt< 


Let us now write 
n n(1+ m1) 
M, = (5) ° 


1 
rn r= 21+) -iFm 
T(r) = Max M.= Max (2) é 2 
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Thus 
T alia 
[BE FO ar 24m f ite 
1 1 


,, rite 


4 
} 
i 
; 


¢a(x) =o(2) , 


and the class C{y,} is not quasi-analytic. It is then Possible, Fr 
by Lemma VIII, to construct a function g(x), i. d. in [0, 1}, 
and having the following properties: 
(a) 9(x)40 . 
(b) g(x) 20 (1 
(c) o(*) =¢9(1—x) 
(4) 90) =9%(1)=0, (nz0), z 
(e) |e™(x)| <M. 
If we write 
we have obviously in [0, a] the inequality ef 
M, mit, \n 
(119) jean(s)| s=(S)" 
We shall consider now the entire function I 
F() =2"]] (1 -+) = Cane. 
1 Ng n=1 4 
It is well known, by the classical theory of entire func. ( 
tions (20) that, if the index of convergence of {n;} is «, 
then the order of F(z) is o; in other words, if we put 


M(r) = Max | F(re#)| (OS 0S2n), 


iim 08 (log M(r)) _ | 
r=o log r : 
And, since F(z) is of order g, it is also well known that 
coprmlaiectbedd 
— 2nlogn oa 
There exists therefore a constant 4; such that for n21, 


we have 


fa A 
(120) | Con] <<sea7e=w" 
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We shall study the function 
Welx) =D (=1)*Cangatt(x), 
From (119) and (120) it follows that in [0, a], 


| a(x) | S Ay > (BEY enw, 
and by (118) we get 
(121) | Ye(x)| <A, >( 


n-215, 


n- —)" 


isto pes Ball 
* Pi p 


By (118) we have 


gi Very Qn 1 Qn 1 1 

— V/ s———r > ee 

a an’? min(an”*,)2" ~ min (ax'/0,) 22 
nal z20 ° 


= ¢ (2/er) a = eta 


Thus, by (119) we shall have 
| Pa(x) | <Ai( 5 note) teen = Ane4e 1, 


For small values of a (2>0) we have 


A3a~” Kanes 
Therefore, for small a, we have 
(122) | Wa(x)| < Ase’. 


We shall now prove that the desired functions ya(x) are 

given by the equality 
_ Wa(x) 
Ya(x) = A, ° 

The inequality (122) proves that the condition (5) of the 
Lemma is satisfied. 

In order to prove that the other required properties are 
satisfied, let us consider the Fourier series of the function 
¢.(x) defined in [0, 27] by the equalities 

ga(x) if OSeSa 
Pax) = {6 if esx s2r 
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Since ga” (a) =0(n 20), Ga(x) is an i. d. function. Then | 
fore 


i 
k 
i 
; 
; 


(a) he 
a(x) + d (1, cos nx+p,sin nx), 


the coefhicients /,, p, being given by the equalities (ah 
tained by integrating by parts 2 times, the Fourier formu 
for the coefficients) 

1 


wn? 


1, =+ 


; 
| 
os (x) cos nxdx (p20). 
It follows from (119) that for a<z, 


[i | < (-\" 20), 


and for >n,. 


1l+m ; 
(123) {2,2 <Min(? Ne sc4ceot name (4, >0). 


p20 Na 


We have a similar inequality for p,. 
On the other hand, we have seen that F(z) is of order, 
that is to say, to every e>0, corresponds a constant, sa 


As, such that 
M(r) <Aser*** 
and, since 


| F(in)| <M(n), 
we have 
| F(in)| = & | Con | n2* <Asen?** 
and by (123) 


1/(1+ ) 


= 2 | Con| n2*(| Z| +| pt|) < 40 0, ort tad 


If we choose 0<e< —a(this is possible since m1 <*-1), 


1 
1+ 
we have, for n >a, 

ntt*— A,(an)VOr™ < —A@XdAVAtm 


where 4@ is a positive constant depending on a. 
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Therefore 
(124) p> > | C2,| n**(|1,@| 1. | Pa@ |) <A, pa 


where Ax depends also on a. 
If we insert in the formula 


(125) Ve(®) => (—1)Cnve (x) 
the expansion | 
(126) a(x) =(—1)* > (hinrcos nxt pysin nx) nt 


(a) 1/(1+ m1) 
n 


we get for Wa(x) the expansion 
Vax) =e 3% Cunt) (iioreos nx+p,@sin nx), 
since, by (124), we may change the order of summation 


after replacing in (125) g(x) by the series (126). We 
have therefore 


(127) Ya(x) > F(n) (h@cos nx-+-p,@sin nx). 


Thus we may write 
Ya(x) = D (a,cos nx+b,™sin nx), 


1 a a D \ 
a,” = I Ya(x) cos nxdx, b,@ =, =f Ya(x)sin nxdx 
with 


(128) A F0) 1, ore . 


“ape (a), 

Since, for n=n,, and ye F(n) ee: we see that 

mie bows 1); 

Thus the property (3) of the Lemma is proved. 

From (123) and from 

| F(n)| <Aser?ts, 

it follows that (127) may be differentiated, term by term; 
in other words, Wa(x) and ya(x), are i. d. functions. 
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We have also 
(129) Ya" (x) = dX (=1)°Cs,9."(x), 


since this series converges uniformly. Indeed, by (119) 
and (120), a majorant of this series is given by the serie, 
= -ontt/e— oy) (2n-+k) +] eat 
Ay So nen Ca | 
which converges. 
Thus (129) converges uniformly. But since, 
galtn+#)(() = (248) (a) =0, 
we see that y.)(0) =e) =0, and 
Ya (0) = ya (a) =0. 
Thus the properties (1) and (2) are satisfied. 

It remains to prove the property (4). 

Since g(x) is not identically zero in [0, 1] and not nega. 
tive, there exists an interval [8, 8:] such that for BSx sp, 
B <Bi S1 we have 

g(x) =d>0. 
It follows from this inequality that 
ax) 2d (abSx Sof). 
On the other hand it follows from (128) that 


Aan® + bby —/(m) ik a(x) (a cos mx+5 sin mx)dx. 
TA» 0 


Since a?+b?>0, we shall have for x small (0<x <8), 
|a cos mx+b sin mx| >rx, 
where r is a positive constant. Since, on the other hand, 
F(m) #0, we have for a<6, 
| aan? +bbm@ | > lF(m)| d pale =Wa?, 

wA, ap 
Thus our Lemma is completely proved. 
_ Let us now prove our theorem. 
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Let f(x) be integrable in [0, 2] and let x, be a right-hand 
mean-value zero of f(x), of exponential order. Let us define 
the continuation of f(x) by periodicity, with period 2r, 
possibly changing the value of f(27), in order to have 
(2x) =f(0), and let us put ' 

o(x) =f(x-+%0), (0S* S2r). 

The point x=0 is a right-hand mean-value zero for ¢(x), 

of the exponential order p, and if 


f(x) ap DX (an cos nx+b, sin nx), 


e(z) 9+ dX (cn cos nx+d, sin nx), 
we have 
ag tbe =cetd,?; 
thus the two equalities 
ae+b,2 — 0, 
e3--d? = 0, 
are satisfied for the same values of n. 
If x is a left-hand mean-value zero for f(x), of exponential 
order p, the function 
¥(x) =f(24 —x) 
admits the points 2r—x%» as a right-hand mean-value zero, 
of the same exponential order p, and if 


V(x) ot > (i, cos nx+m, sin nx), 

we still have | 
12+ mM, = az+b,2. 
Therefore, we can suppose, in our theorem, without diminish- 
ing its generality, that x.=0, and that it is a right-hand 
mean-value zero of f(x), of exponential order p. 
We have to prove that for every m, 
az, +63,,=0. 
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Suppose then that this is not true fori=p. Put 
M=Mpz, 2=An, b=dm, 

and consider the sequence {n,} of which the terms are 

MMiy May *** 5 My1y Mpzty °°. 
The index of convergence of this sequence is obviously als, 
o. Let us then apply Lemma IX, to this sequence {m4} of | 
integers, to the numbers m=m,, a=ay,, b=b,, and to ay 
such that 

5>p> widieds 
1l-—o 
For small « we have a corresponding family of functions 
a(x) satisfying the properties (1), (2), (3), (4), (5). Let uy | 
then introduce the functions T'.(x) defined, in [0, 2r], by 
continuation of a(x): . 
_ fya(x) if OSxSa 
Ta(*) ={7 . ifasx<2e 
We have | 
T(x) = dX (a, cos nx-+b,@sin nx), 
with 
a =a =) =0, 
| amy a + by be | >wa?’, 
|Ta(x)| <er*. 

By Parseval’s formula we have 


| if Taide eee EO 
0 n=1 
But if nm, 


and, if n=n, 
ane =bx, =0, 
thus, except for n=m,, we have 
nn +-byb, =0. 


1Parseval’s formula is true, for instance, if one of the functions is integrable, the 
other being such that its Fourier series converges uniformly [9]. This is the cae 
_ for f(x) and Ta(x). 
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Integrable Functions 111 
In other words, 
Qe 
+ [Fe) Ta(x)dx =aq a+b, bo, 
T 0 QP D P 
And by Lemma IX 
1 2e if a a 
wat <i] [He )Pala)de|=2| [Fa raladde| <e-4 [ipce)|ate 


But, since x=0 is a right-hand mean-value zero of f(x), 
of exponential order 6, to every positive e>0, there corres- 
ponds a sequence ‘{a;}, such that a;+ 0, and such that 


[Th ax Sg TE 


If a2,+5;,, Were positive, we should have 


-—Pp_o.— 8+ 
maa? <e% Pe 


and if e<é—p, i.e., p—5+e=—n <0, we should have for 
ait 0 


—aj— P(ayP— 8+ €—1) —aj~ P(ay~ 7-1) 


Tas? <e =¢é 
which is impossible. Thus 

a;,, +3, =0. 
And, since this equality is satisfied for every ~, our theorem 
is proved. 

This theorem was proved by the author of these lectures 
in 1932 (9). A new proof of the theorem, based on the 
theory of Fourier transforms, but closely related to the 
one given, was published later in a common work by Norbert 
Wiener and the author (11), (21). Both of us have also 
proved that, from a certain point of view, the given theorem 
cannot be improved. 

We have proved in fact that, given any o <1, it is possible 
to construct an integrable function f(x), of the form 


f(x) = Db an, cos nx, [OSx S2r], 
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not identically zero, for which x=0 is a right-hand mea 
value zero, of exponential order 8, with 


Ne 


Co 
1-0’ 
the index of convergence of {n;} being equal to @ (11), (21) 

An analogous theorem, for a set of values a, was given 
in the cited author’s paper of 1932.1 

We shall give now some applications of Theorem XIV, 
by introducing new quasi-analytic classes (9). 

The class of all functions f(x) bounded and integrable jn 
[0, 2x], and such that 


(130) f(x)» >> (an; cos nx+bn, sin nix), 
the index of convergence of the sequence {n;} being no 
greater than a, will be denoted by Ca). 
_ A sequence of positive numbers {M/,} being given, we 
shall denote by C;§2} the set of functions belonging to both 
classes C(c) and Cjy,}. In other words, C,52} is composed of 
all functions f(x), i. d. in [0, 27], such that (130) is satisfied, 
the index of convergence of {n;} being not greater than, 
and such that there exists a constant k=A(f), satisfying in 
[0, 27] the inequalities 
[f™(x) | <k-M,. 


It is obvious that, if fi(x) and f2(x) belong to C(c), their 
sum and their difference belong also to C(c). Since this is 
also true for Cjx,}, then if f:(x) and f2(x) belong to C2 
the functions f:(x)+f1(x) belong also to C({2). 

A class C;§?} will be said to be quasi-analytic, if the only 
function f(x) belonging to C,{?}, such that in x[0 Sx» $2r] 
f (xo) =0(n 20), is the function identically equal to zero. 


1During the printing of this pamphlet, there appeared a paper by Levine and 
Lifshetz: ‘‘Quasi-analytic Functions Represented by Fourier Series,” Recueil Math 
matique, Moscow, T. 9 (51) N. 3 (1941), in which the authors give a profound 
generalization of the results proved above, their proofs being based on new principles, 
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In other words, Cj {f) is quasi-analytic if, from f(x) e C2), 


f(x) Cin) and from 
fi™ (%0) =fa (x0) (n =0, OS xo S2r), 

it follows that f:(~) and f2(x) are identically equal in [0, 27]. 

It is obvious that, if Cja,} is quasi-analytic, then C, $2} is 
quasi-analytic for every oS1. But a class C2) with ¢ <1. 
might be quasi-analytic, the class Ciy,} being not quasi- 
analytic. In order to show this we shall first prove the 
following theorem. 

THEOREM XV. Let {M,} be a positive sequence such that 
(131) 1 <lim [8 M, 

naw n log n 
If, in [a, b], f(x) belongs to Cian}, and if 
f(a) =0(n=0), 
then a 1s a right-hand mean-value zero of f(x) of exponential 
order, at least equal to 5, given by the equality 
a 
p—1 
Indeed there exists a constant & such that in [a, 5] 
|f™(x)| <k"M,. 

On the other hand, for every a$x Sb, we have, by Taylor’s 
formula, 


=np< oo, 


(n) 
fe) =D (x—-ay, 
where a<$<b. Thus if a<x <b, we have 
Ife) | <2 Ma(x—a)n(n 21). 
Therefore if aSxSa+a<b, we have 
[/@)| <5 Myer. 


But it follows from (131) and from Stirling’s formula that 


: M. 1/n 
lim (#7) = 0 
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114 Infinitely Differentiable Functions 
Thus in [a, a+a] we have 


(132) [f®)] s——4— v=, 
Max ( ir) Ty A 
n2z1 \(ak)" M, ak 
where 
T y(r) =Max se 
n21 n 
the quantities VV, being given by 
_M, 
aenls 


Any ¢>0 being given, it follows from (131) that, for an | 


infinity of values of n, 


M 
Ny =— < Ae n(#-1t0n = A pny W/d+ on ji 


n!| 


where 4 is a constant (depending on e). 


Therefore by Lemma III@, Ty(r) cannot be smaller | 


than 7,(r), where 


rm ‘ald 1 3/(\+ €8) 
71(r) =Max — =Max —,;:: > -— e” 
(r) n2i x n21 Aen ton A 


B being a constant (depending on e), for all large values of , 
Thus there exists a sequence {r;}, 7;+ ©, such that 


Tw(r;) >4 Protas gin 


And by (132) there exists a sequence {a;}, a; 0, such | 


that, if 0<*x<a,, the following inequalities are satisfied: 


| f(x) | Ss Bok He < Ae Bait) — VO 8) = Ag—cas— /1+ ed), 


1 
os ey 


where C is a constant. 
Therefore, for i large (such that a;<b—a, Aa;<1), 


Th) |dx Oe a ee 


—log( [[7(2)|¢x)>Cacvere 


an 
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ata 
__log( —log /[/(s)| a) 
lim SA a SY kL 
—loga ~ 1+€5 

Since this inequality is payaned for every positive ¢, our 
theorem is proved. 

From theorems XIV and XV follows immediately : 

THEorREM XVI. The class Cif) is quasi-analytic, if o<1 
and if 


1< lim log M, eo 
a nlogn o 
This theorem, which was proved by the author in 1932 
(9) cannot be improved. In other words to every o <1 cor- 
responds a sequence {M,} such that 


the class C;{2) being not quasi-analytic. This statement was 
proved by N. Wiener and the present author (11), (21). 

A quantity «<1 being given, consider a sequence {M,} 
such that 


(133) 1 < lim—>— log M. 238 


nlogn o 

The class C;§?} is then quasi-analytic. But the class 
C\s,} is not quasi-analytic, since, from the first part of this 
inequality it follows that there exists a constant a>1, such 


that for n large 
M, >n*, 


and we can see immediately that 


[ice tuto Tiel?) dr<o, 


1 


Thus the classes C,4#} satisfying (133), which are quasi- 
analytic, are subclasses of classes C{m,}, which are not 
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quasi-analytic. These classes C(S2}, are therefore new quasi. 
analytic classes. 

All the quasi-analytic classes we have been concerned 
with until now, the classes Ch ata}s C*( ata} Ct ar, Chie}, are such 
that a function which belongs to any one of them is defined 
in a unique manner if the values of the function and jt 
derivatives are given in one point. Such quasi-analytie 
classes could be called quasi-analytic-A; quasi-analytic.p 
should be reserved for the classes Cia,}, since the first con 
ditions for their quasi-analyticity were given by Denjoy. 

If a class C of functions defined on an interval [a, 5] jg 
such that from f,eC, freC it follows that Sitfe belong, 
both, to C, and that the only function which belongs to ¢ 
and which is zero on a partial interval of [a, b], is the 
function identically zero (or zero almost everywhere), then 
the class C should be called quasi-analytic-J. The functions 
belonging to such a class C have not to be necessarily i, d, 
S. Bernstein gave conditions for such a quasi-analyticity 
(1). 

We shall consider a kind of quasi-analyticity of a larger 
character (9). 

Let E be a measurable set of points lying on an interval 
[a,b]. Let x» be a point of [a, b], and let a be a quantity 
such that the-point x+a belongs also to [a, b]; this quan- 
tity a may be either positive or negative. We shall denote 
then by 

m(E, X05 a) 
the Lebesgue measure of the intersection of E and the in- 
terval [%, xot+e]. 

Let now 7(r) be a positive function defined for large posi- 
tive values of r. 

We shall say that a point x, belonging to [a, b], is a 
density point of the set A, with respect to r(r), if 
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Intuitively speaking, the greater the rapidity of increase 
of r(r) with r, the greater is the condensation of the points 
of 4 in the neighborhood of x». 

We shall now prove the following theorem (9). 

TueorEeM XVII. Let f(x) be a bounded measurable fune- 
tion in the interval [a,b]. If f(x) =0, at all the points of a 
set A, for which a point xo of [a,b] is a density point with 
respect to the function e” (p>0O), then the point xo ts, for f(x), 
a mean-value zero (either right-hand or left-hand), of expo- 
nential order at least equal to p. 

Remark, for the proof, that there exists, by definition of 
a density point, a sequence {a;}, | a;| + 0, the a; being either 
all positive or all negative, such that 


lim m([a, b]—A, oy as) j1asi~* _ 0, 
f= ae 


Let M be such that 
[f(x)| <M. 


Supposing that the a; are all positive (the proof is the 
same if they are all negative), we shall have for large i, 


Zotay 
[ iG) |dx< M-m([a, b]—A, % a) <Mae-=-?, 
Zo . 


from which it follows easily that 


“4 _log ( —log [ [/G) | 2x) ee log (—log f [7G)| x) eh 


ato —log a i=@ —log a; 

Thus in this case (a;>0), xo is a right-hand mean-value 
zero for f(x) of exponential order at least equal to p. If 
the a; were negative we could’prove that % is a left-hand 
mean-value zero for f(x), of pe order at least equal 


to p. 
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The theorem is thus proved. 

A class C of measurable and bounded functions, in [a i 
such that from fieC, foeC it follows that Siths belon 
both, to C, will be said to be quasi-analytic-Ep, if from 

f(x) =fr(x), 
in a set of points having in [a, b] a density point with r. 
spect to e”, it follows that the two functions are equal 
almost everywhere. 

From Theorems XIV and XVII follows: 

TueorEM XVIII. Every class C(o), with o <1, is quasie 
o 
=e 


& 


analytic Ep, with p> i 


Returning to general classes Cjx,}, we shall mention that, 
in a recent paper, the author and F. E. Ulrich have given 
conditions, in order that a function f(x), belonging to Ctx 
in [0, ©), and satisfying the conditions 


(134) [inwla<, 
(135) fo(0)=0 (720), 


where {A;} is a sequence of increasing positive integers, be 
identically zero. 

The two authors have also given conditions in order that 
any even function belonging to C*{%,}, and satisfying (135), 
be identically zero. In both cases the only requirement for 
the sequence {);} is that 

fn 
j= 

The desired conditions bear, then, on a function, similar 
to the function 7(r), in the classical case, and formed by 
means of the two sequences {M,} and {A;}. 
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SOME ASPECTS OF THE THEORY OF ANALYTIC 
FUNCTIONS OF A COMPLEX VARIABLE 


I. DETECTION OF SINGULARITIES OF AN ANALYTIC 
FUNCTION GIVEN BY A TAYLOR SERIES 

In his lectures delivered at the Rice Institute in 1926 (15) 
the author gave some aspects of the general theory of | 
singularities of an analytic function defined by its Taylor 
expansion. 

Since the appearance of these lectures, many mathemati- 
cians have worked on this subject. We shall give here only 
those of the new results which are related to certain general 
principles discovered very recently. 

F Let 

(1) Lanz” (z= x+1y), 

be a Taylor series with a finite radius of convergence: 
0<R<o. There exists a well known expression for R, 
called the Cauchy-Hadamard formula (15), 


(2) —=lim | a,|1!. 


It is also well known that there exists at least one singu- 
larity of the function f(z), obtained by analytic continuation 
of the series (1), which lies on the circle of convergence 
|z| =R. But we shall first revise the definition of a singu- 
larity, and especially that of a “singularity of a Taylor series.” — 

Let D be a domain bounded by a Jordan curve C, and let 
f(z) be an analytic function, holomorphic in D. A point 2’ of 
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C will be said to be singular (or a singularity) for f(z), if 
being any point of D, and Li} a curve of Jordan joining e2 
z’, and having all its points in D (except of course the 
point 2’), the radius of convergence of the Taylor series at a 
point ¢ of Li tends to zero, when ¢ tends (on L*) to x, 

If z is a point of D, bounded by a simple curve of Jor. 
dan, C, if f(z) is holomorphic in D, if 


(3) ' ddn(z— 20)" 


is the Taylor series of f(z) in 2, and if D contains the 
circle of convergence of (3), a singular point of f(z) on 
is said to be a singular point of the series (3). A singular 
point of (3), on the circle of convergence, is therefore a point 
z’, situated on this circle, and such that the radius of con. 
vergence of the Taylor series of the function given by the 
sum of (3), in a point ¢, inside this circle, tends to zero when 
¢ tends to z’ on a curve of Jordan lying inside the circle of 
convergence of (3). This definition is permissible since, if D, 


and D, are two domains, both limited by Jordan curves, | 


respectively, C; and C:, containing each the circle of con- 
vergence of (3), and if f:(z) and f2(z) are respectively holo 
morphic in D, and D, and have, both, in z the Taylor 
expansion (3), then the singularities of the two functions on 
the circle of convergence of (2) are the same. f(z) is the 
analytic continuation of (3) in D,, f2(z) that of (3) in D,. If 
D=D,UD, (D is composed of the points of D, and those of 
D;), the function f(z) equal to f:(z) in D,, and equal to f,(:) 
in Ds, is holomorphic in D. It is, in D, the analytic con- 
tinuation of f;(z), and that of f2(z). It is also the analytic 
continuation of the sum (3) in D. The statement we have 
given above has to be formulated in the following manner: 

The series (1) has at least one singular point on its circle of 
convergence. 
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In other words, the smallest distance to the origin of the 
set of all singularities of the series (1) is equal to R given by 
the equality (2). 

We shall now give a theorem which allows the actual 
determination of a singularity of a Taylor series on its circle 
of convergence. This theorem will furnish the smallest 
argument of the singularities of (3) situated on the circle 
of convergence. This theorem was proved by the author 


(13). 
THEorREM I. Let us suppose that 
(t) f@) =X aya 


has a finite radius of convergence, 0<Ry< @, and let us put 
for h20, 


D(h) =lim | anh™+C,tash-I-... +a,| tlm, 


D(h) ts a continuous function at h=0 and has a right-hand 
derivative at h=0, 
D',(0) =lim 2LW—DO). 
) h=+0 h 
which satisfies the inequality 
|D’.(0)| <1. 

If we write 

D’,(0) =cos 9, 
one of the two points, Roet*, Roe-**, 15 a singular point for the 
series }a,z", and precisely that of its singularities which is, 
on the circle of convergence |z| =Ro, the nearest to the point 
=. 


Let us consider the series 
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If z is a singularity of the series f(z), zo! is a singularity of 
go(z) and conversely.t The radius of convergence of (4) j 


is 
equal to 


1 
R72. 


Since the function go(s)t4 is holomorphic, in (z-+h), for 
large |z+h|, and regular at infinity, we may write ( 
large |z+A|), 


zth_S d,(h) 
(S) g0(2) % =D, Gh 


d,(h) = fo thydaT f Oe) 
as Z 271 % 
(29+-Chz—tht ---+h*)dz=a,t+Chan_sh+ ++ +Lagh, 


The radius of convergence of the series 
(6) a@)=> a. 
is equal to D(h). go(z) and g,(z) have the same singularities, 
except, possibly, the point z»=—h, which may be a singu. 
larity for go(z) without being a singularity for g,(z). 

Let us denote by S+(h) the region |z+h| >D(h), by S-(h) 
the region |z+h| <D(h), and by C(h) their common boun. 
dary. Since g,(z) has all its singularities in S-(h) =S-(h) 
+C(h), and there is at least one singularity of g,(z) on C(h), 
we see that D(h) is positive for small positive values of h, 
and that the intersection 

I(h) =S-(A)NS-(O) 
is not empty, and that all the singularities of go(z) are in J(h) 
closed: I(h). 


1Tf lim | b,|!/*=p, the series F @=2 5 converges for |z—1| >p, and diverges 


for 


with 


for |x—t| <p. A point z’ is a singularity for the series F' . if in a domain, D, 
bounded by a curve of Jordan, C, and containing the region s—t| >p, there exists 
a holomorphic function F;(x), equal to F(z), in |s—t|>p, and admitting +’ a 
singularity (x’ is then on C), 
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If s=Ro is a singular point of f(z), z=D(0) is a singular 
point of go(z), and obviously (since h>0), 


D(h) = D(0)-+h. 


Our theorem is in this case obvious. Suppose now that 
:=h) is a regular point of f(z), then z2=D(0) is a regular 
point of go(z). Since J/(h) is not empty, we have 


D(0)—h $D(h) $D(0) +h. 


Therefore D(h) is continuous at A =0. 
Let us denote by p= Rye‘ the singular point on |z| =R, 
of f(z), having the smallest absolute value of the argument 
(or one of them, if both points, Roe** and Roe-‘e are singular 
points of f(z)). The point g=D(0)e-i¢ is the singular point 
of go(z) on |z| =D(0) with the smallest absolute value of the 
argument. Let 4(h) denote the arc of C(h) which is inside 
C(0). Since there is no singularity of g,(z) on C(h)—A(h), 
there exists at least one singularity of g,(z) on A(h). There 
isno singularity of go(z) on the part of C(0) which is outside 
C(h). Since the points —h+D(h)e** of C(h) tend uniformly, 
with respect to 0, to the points of C(0), the points of 4(h) 
tending to points of the arc D(0)e, with |p| <¢, and, since 
the set of singularities of a series is closed, we see immediately 
that the points of intersection of C(0) and C(h) tend respec- 
tively to D(O)e** and D(O)e-*#. 
The circles C(h) have in common with C(0) the points 
s=x,t1y, where 
p= DMB = DHO)_h 
2h 2 


and, by what precedes, 


lim x, =lim D*(h) — D*(0) =D(0) lim D(h) —D(0) = D(0) COS 9, 
be+0 h=+0 2h =+0 h 


which proves the theorem. 
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This theorem, proved by the author in 1937 (13), has tro 
different aspects: a geometrical one, which is independen 
of the form by which is expressed the greatest (or the 
smallest) distance of a closed set to a point lying on a given 
straight line, and an analytical one expressed in the sim. 
plicity of the formula for cos ¢. 

The geometrical principle has lately been generalized by 
many authors: von Mises, Paul Lévy, Bouligand, Perron, 
Dvoretzky and others. But the most remarkable genera. 
ization of the two aspects of the theorem was given by 
Denjoy (6). We shall also remark that the geometrical 
part could have been proved by using certain results of 
Goutcharoff. We shall give now some parts of Denjoy’s work. 


2. GENERALIZATION OF THE GEOMETRICAL PRINCIPLE 

Let (a, b) be a point varying in a closed region D, and 
let C(a, b) be a simple closed Jordan curve, depending on 
the two parameters a and b. We shall say that the curve 
C(a, 6) varies continuously with a and 3}, if Aa, Ab being 
such that (a+Aa, b6+Ab)eD, the least upper bound of 
quantities 6, such that every circle of radius 5 about a 
point of C(a, 6) contains a point of C(a+Aa, b+Ab), and 
every circle of radius 6 about a point of C(a+dAa, b+4Ab), 
contains a point of C(a, b), tends to zero with |Aa|+|Ad|. 

Suppose now that, if (a, 5) varies in D, the set of all of 
the points (x, y), of all the curves C(a, 5), is included ina 
closed region D;; let A be a closed region in the four-dimen- 
sional space containing all the points which have coordinates 
(a, b, x, y), (a, 6) being any point of D, (x, y) being any 
point of D,. Let now F(x, y; a, b) be a continuous function in 
A, such. that the equation of C(a, b) is given, for every 
(a, b)eD, by 

F(x, y; a, b) =0. 
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From the continuity of F(x, y; a, b) in A, and from the 
fact that C(a, b) is a simple closed Jordan curve when 
(a, 6) is in D, the point (x, y) of C(a, 4) varying in D,, it 
follows that C(a, b) varies continuously with a and b. 

Indeed, (a, b) being a point of D, if we trace about each 
point, (x, ¥)s of C(a, b) a circle with a given radius p>0, 
and consider, by the Borel-Lebesgue theorem, a finite num- 


ber of these circles, covering C(a, b), these circles form. 


around C(a, b) a channel, the function F(x, y; a, 5) being, 
for all points of D,, which are outside this open channel, 
diferent from zero. Therefore, if |Aa|+|Ad| is sufficiently 
small, this is also true for F(x, y; a+Aa, b+Ab), and the 
curve C(a+Aa, b+Ab) given by F(x, y; a+Aa, b+Ab) =0 
is inside the channel, which proves our statement. 

We shall suppose that the function F(x, y; a, b) satisfies 
the following conditions 


(1) -* a exist and are continuous in A. 


(2) oi is different from zero, in A. We shall, for instance, 


suppose ee ind 


OF 
3p <0: 


Since, on a curve C(a, b), F(x, y; a, b)=0, we see, by 
(2), that on the same curve we have for Ab>0, 
F(x, y; a, b+Ab) <0. 
(3) We shall suppose that on no arc of C(a, 5) the quantity 
OF OF 
aa’ ab 
is constant. 


The quantity 
a(x, y5 a, b) = 22 2 
eae da’ ab 


will be called the rank of the point (x, y) on C(a, 5). 
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The points on a curve C(a, 6) having the same rank ¢ 
will be said to be conjugate to each other. 

It is seen very easily that, if g(X) is a function defined 
for all the values X taken by F(x, y; a, b) in A, continuoy 
and differentiable for these values, and is such that g(0)=0, 
then the function 


(x, y; a, b) =g(F(x, Ys ay b)) 


has the following properties: (1), (2), (3) are satisfied when 


F is replaced by , and &(x, y; a, 6) =0 defines the cuny 
C(a, b). The rank of every point (x, y) on C(a, b) has the 
same value as when defined by means of the function F. 
Thus the rank of a point (x, y) on C(a, b) is independen 
of the choice of the function g. 

If there exists a one to one reciprocal correspondence 
between the region D where (a, b) varies and D’ where 
(c, d) varies, the correspondence being such that the quanti. 

da da 0b Ob. 


tes We ad’ 3c’ ad exist, then, with the new variables (c, d) the 
rank g; is equal to 
da_ ab 
GLErete 
da_ ob 
194° ad 


Thus, if (x, y) and (x1, yi) are conjugate points on the curve 
C(a, b), they are also conjugate when this curve is given with 
the parameters (c, d): C’(c, d) =C(a(c, d), b(c, d)). 
A necessary and sufficient condition in order that the 
function 
F(x, y; ¢, d) =F (x, y; ¢(a, b), d(a, b)) 
be such that a1 20 in the closed region, where the point 


(x, , c, d) varies, is that in this region 
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gil ab 
faa ag 70: 
Let us suppose this condition satisfied. There exist then 
two alternatives. From every inequality: (i) rank of (x, y) on 
C(a, 6) >rank of (x1, yi) on C(a, b) it follows that: (11) rank 
of (x, y) on C'(c, d)>rank of (x1, yx) on C'(c, d); or from 
every inequality (i) it follows that: (iii) rank of (x, y) on 
C(c, d) <rank of (x1, y1) on C’(c, d). This follows at once 


from the relation 
da ab 


dc ac 

da ab 

dd dd 
By a topological transformation of the xy plane into a 
y’ plane, the curve C’(a, b) which is the transform of 

Gla. b) has the same equation F(x, vi a, b)=0, where x 
and y are expressed as functions of x’ and y’. The point 
(x’, y’), on C’(a, b), has the same rank as the corresponding 
point (x, y), on the curve C(a, 5). 

The function F(x, y; a, b) having the described properties, 
and C(a, 6) being a simple closed Jordan curve, given as 
above by the equality F(x, y; a, b) =0, let us also introduce 
the following definitions. 

The rank of a point (x, y) on C(a, b) will be denoted 
by g(x, y; a, b). If g(x1, yi; a, b) <q(%2, yo; a, b) we shall 
say that the point (x, y1) precedes on C(a, 5), the point 
(xs, y2), and that (x2, yz) follows the point (x1, y1). If £ is 
a closed set on C(a, b), the subset of E where q has the 
smallest value will be said to be the initial set of £; if there 
exists only one point having the smallest rank on £, this 
point will be said to be the initial point of £. The terminal 
set or point of £ is the subset of £ or the point of £ with the 
Cane rank. We shall denote by ¢(A) =e(A, a, b) the set 
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of points on C(a, b) with rank 2. All the points of e(\) ar 
conjugate one to another. The subset of e(A, a, b), formed of 


points such that every open arc of C(a, b) containing such | 


a point contains a point with a rank smaller than }, and 
a point with a rank greater than ) will be denoted by 
e’(A) =e’(A, a, 6). The points of e’(A) will be said to be 
strongly conjugate, the points of e(A) —e’(A) weakly conjugat, 


C(a, 6) being a curve described above, let us denote by f 


S(a, b) the region where F(x, y; a, b) <0. On S(a, b) = §(a, 


+C(a, b), we have F(x, y; a, b) <0, and since o <0 we 


have in S(a, db), if Ab>0, F(x, y; a, b+Ab) <0. Thu | 


S(a, b+Ab) contains S(a, 6). In other words, S(a, b), with 
a fixed, increases with 5. This is the reason why 6 will kk 
said to be the dilatation parameter of C(a, b). We shall alg 
denote by S’(a, b) the region where F(x, y; a, b) >0. 

Let H be a closed set of points belonging to D;. We shall 
suppose that there exists values of a, such that to such, 
value of a corresponds at least one value of 4, the point 
(a, b) being interior to D, the curve C(a, b) containing at 
least one point of H, S(a, b) containing no point of H. The 
set of such values a will be denoted by 4(#). 

If H is bounded, and if Cz is an open circle containing H, 
we may equally well replace the xy plane by Cg, the closed 
curve C(a,b) by a simple Jordan arc C(a, bd) relating two 
points of the circumference of Cg, the other points of C(a,}) 
being in Cp. 

We shall now prove the following important theorem of 
Denjoy, which gives a theory of envelopes for a family of 
curves C(a, b)(6). 

THEOREM II. To every point a of A(H) there corresponds 
only one value of b, b=y(a), such that there extsts at least on 
point of H on C(a, b), and no point of H in S(a, b). 
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At every interior point a of A(H), Y(a) is continuous, has a 
right- -hand continuous right-hand derivative, y'(a+0), and a left- 
hand continuous left-hand derivative, y'(a— —0). If H(a) denotes 
the set of points belonging to H and situated on Ta) =C(a, W(a)): 
Ila) =HNU (a), ¥'(a+0) is the rank of the initial set H,(a) 
of H(a). W'(a—0) ts the rank of the terminal set H.(a) of H(a). 

Let I,(a) be the set of points such that in every circle about 

a point of the set there exists a point of intersection of T(a+Aa) 
with T(a), Aa being positive and arbitrarily small. Let I,(a) 
he the set of points such that in every circle about a point of 
the set there exists a point of intersection of T(a+Aa) with 
['(a), Aa being negative and arbitrarily small. 

If @:(a) denotes the subset of T(a) on which the rank ts 
y'(a+0), and O:(a) the subset of (a) on which the rank is 
y'(a—0), then @1(a) contains I,(a), and @2(a) contains I,(a). 

If hi(a) 15 the set of points such that, in every circle about 
a point of the set there exists a point of H(a+Aa) with Aa 
positive, arbitrarily small, and if h2(a) ts the set of points 
such that in every circle about a point of the set there exists a 
point of H(a+Aa) with Aa negative, in absolute value arbitrarily 
small, then H,(a) contains hi(a), and H;(a) contains h,(a). 

A point of J;(a) will be said to be a characteristic point 
of (a) corresponding to Aa>O, and a point of J2(a) a char- 
acteristic point of T'(a) corresponding to Aa <0. 

A point of 6;(a) will be said to be a generalized charac- 
teristic point of T'(a) corresponding to Aa>O, and a point of 
@,(a) a generalized characteristic point of (a) corresponding 
to Aa <0. 

It follows from this theorem that 

h,(a) CH,(a)<8@:(a), 
I,(a) c8@,(a), 
h:(a) CH;(a) c0,(), 
I,(a) <0;(a). 
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Let us now pass to the proof of Theorem II. Suppose 
that, on C(a, b), there exists a point of H, and that there 
is no point of H in S(a,b). Since S(a, b+Ab), Ab>0, con. 
tains S(a, b), there exists at least one point of H in S(a, 
b+Ab). And since S(a, b) contains C(a, b—Ab) with Abso 
(for S(a,b) contains S(a,b—Ab)) there is no point of 
on C(a,b—Ab). Therefore no point (a, b+-Ab) with Ab <0 
is such that there exists a point of H on C(a, b+Ab), ang 
no point of H in S(a,b+Ab). Therefore the value 5 having 
the above property is unique and b=y(a). 

Let yi(a, 5) be the rank of the initial set of C(a, b), and 
u2(a,b) the rank of the terminal set of C(a,b). Since 
q(x, y; @, b) is continuous in the closed region D (and there. 
fore uniformly continuous) it follows at once that, if | Aa| 
and |Ad| are sufficiently small, then the quantities y:(a, b), 
u2(a, 5) differ as little as we want from the corresponding 
quantities u:(a+Aa, b+Ab), u2(a+Aa, b+Ab); for, as we 
have seen, every point of C(a, b) is at a distance less than 
p from a point of C(a+Aa, b+Ab), and conversely, p de- 
pending only on 7, when |Aa|+ [Ad] <n. 

Let (a,b) be aninterior point of D, and suppose|Aa|-+|Ad|>0 
is so small that the line segment which joins (a, b) to (a+da, 


b+Ab) isin D. Let us denote the quantity - by r. We have 
AF =F(x, y; a+Aa, b+Ab)—F(x, y; a, 5) 
(7) OE x, 95 a B)AA+S (x, 95 ay AD 
Ga > ] + | ob > , ’ 


=~ Aat (x, y3 a, B)(q(*, ¥3 a, B)—7), 


where (a, 8) is a point of the line segment which joins 
(a,b) to (a+Aa, b+Ad). 


Since a <0, the sign of AF is that of Aa(q(x, y; a, B)—7). 
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Generalization of the Principle 131 
A positive quantity ¢ being given, if r<y;(a, b)—e, we 
have, if (x, y) is on C(a, b), 
T <q(x,y; a, b)—e; 
and since, if |Aa|+|Ad| is sufficiently small, 


[a0 95 a b)—9(x, 95 @ B)| <5, 
we see that, for |Aa|+|Ab| sufficiently small, 
q(x, Ys a@ B)—7r>5, 


and AF has the sign of Aa. But, on C(a, b), F(x, y; a, b) =0, 
therefore, if +<ys(a,b)—e, if |Aa|+ |Abd| is sufficiently 
small (|Aa| >0), and if (x, y) is a point of C(a, 6), then 
AF =F (x, y; a+Aa, b+Ab) +0. 
In other words, C(a, b), and C(a+Aa, b+Ab) have no com- 
mon points. The same remark is obviously true for each 
case 
(8) T<ypul(a, b)—e, r<pi(a+Aa, b+Ab)—e, 
T>p2(a, b) +e, r>p2(a+Aa, b+Ab)+e. 

If yi(a, b) <A <y2(a, b), the set e(A, a,b) is not empty, 
and the sets £;(A, a, b), E2(d, a, 5), which are respectively 
composed of points of C(a,b) where g<X and g>A, are 
not empty, and are composed, each, of a set of open inter- 
vals. We have obviously C(a, b)=#:+e+£:. If, in par- 
ticular, 


O<e chl4, b) —w(a, b) 
Pe EF es 9 


if |Aa|+|Ad| is sufficiently small, and if 
bite <7 <pe—e (7=55 Aa x0), 
then £,(r—e, a, b) is not empty and is in S(a+Aa, b+Ab), 


if Aa>0, and, in S’(a+dAa, b+Ab), if Aa <0; Ex(r+¢, a, 5) 
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is not empty and is in S’(a+Aa, b+-Ab), if Aa >0, and ip 
S(a+Aa, b+Ab) if Aa <0. Indeed the fact that, for instance 
E,(r—¢, a, b) is in S(a+Aa, b+Ab) is seen by the followin, 
considerations: For each point of E\(r—«, a, b), we be 
q<t—e; therefore, if |Aa|+|Abd| is sufficiently small iy 
order that 


| g(x, y; 4; b) —q(x, Ys as 6)| <5 


where a, 8 have the same meaning as in (7), we shall have 
for points (x, y) of Ei(r—e, a, b): 


q(x, Ys @, oD Be 


and, by (7), AF=F(x, y; a+Aa, b+Ab) <0 for every point 
(x, y), of £:(r—«, a, b); in other words, these points are in 
S(a+Aa, b+Ab). The proofs for the other cases are anal- 
ogous. 

Let us denote by e(r7, €, a, b) the closed set of points of 
C(a, b) for which we have 


t—eSq(x, y; a,b) St+e. 


Since, between an open arc of £;(r—«, a, 6) and an open 
arc of E.(r—e, a, b) there exists necessarily a closed arc be- 
longing to e(r, e, a, b), and such that one of its extremities 
is a frontier point of Ei(r—e, a, 5), and the other extrem- 
ity is a frontier point of £.(r+e, a,b), we see that there 
exist such closed arcs, and that the curves C(a,b) and 
C(a+Aa, b+Ab) intersect each other, if |Aa|+|Ad| is suf- 
ficiently small, the points of intersection belonging to the 
part ¢’(r, €,a,b) of e(r, ¢,4,b), composed of closed arcs 
having each a common frontier with £:(r—«, a, ) and with 
E.(r+e, a,b). Every such closed arc of e’(r, €, a,b) con- 
tains an intersection point of the curves C(a, 5), C(a+dAa, 

b+-Ab). 
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Suppose now that Aa and Ab tend to zero in such a man- 
Peres, Oo sent : 
ner that => tends to d, with yi(a, b) <A <pa(a, B). 


The set ¢(A, a, b) is obviously the intersection of all the 
sets e(A, €, 4, b), when e takes all positive values smaller 
than an arbitrary given quantity. By definition of the set 
¢'(d, a, 6), every open arc of C(a, b) containing a point of 
the set e’(A, a, b) contains, for e>0 sufficiently small, a point 
of Ei(A—«, a, 6), and a point of E.(A+e, a, 6); thus, such 
an open arc of C(a, 4) contains, if |Aa| is sufficiently small, 
an intersection point of the curves C(a, b), C(a+Aa, b+Ab). 

Therefore, the set J(A, a, b), composed of all the points 
P of C(a, b) such that in every neighborhood of P there 
exists an intersection point of the curves C(a, 6), C(a+Aya, 


b+A,b), and this for a sequence A,a, Ab; with A,;a+0, ae aS, 
id 


is contained in ¢(A, a, 5), and contains e’(d, a, 6). We sup- _ 
pose here that yi(a, b) <A <uy:(q, 4). 


We see also, by the remarks made above, that if ae 
a 


and if |Aa| is sufficiently small, £i(A—e, a, 5) is in S(a+Aa, 
b+Abd) if Aa>0, and in S’(a+Aa, b+-Ab) if Aa <0; E2(A+e, 
a,b) is in S’(a+Aa, b+Abd), if Aa>0, and, in S(a+dAa, 
b+Ab), if Aa <0. 

We are now in a position to prove systematically all the 
parts of Theorem II. 

We have proved that the function (a) exists when a 
belongs to 4(H). Let us now prove that this function is 
continuous at every interior point of 4(H). If, for a se- 
quence A,a>0, we had ¥(a+A,a)+b>y(a), S(a, 6) would 
contain no point of H, since S(a+Aa, ¥(a+A,a)) does not 
contain such a point, but S(a, b) contains the curve C(a, 
¥(a)) =I'(a), which contains, by definition, a point of H. . 
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There would also be a contradiction in supposing that 
b<y(a). Thus ¥(a) is continuous at every interior Point 
of 4(H). 

This proves also that I'(a) varies continuously with a. 
Every point which is such that in each of its neighborhoods 
there exists a point of H(a+Aa), with Aa arbitrarily small, 
is therefore a point of I'(a), and, since H is a closed set, 
a point of H(a). 

Therefore, if we denote by \,(a) and \.(a) respectively 
the minimum and the maximum of the rank ¢ on H(a), 
the set of the points Q such that in every neighborhood of 
Q there exists a point of the interval [\1(a+Aa), \2(a+Aa)), 
with Aa arbitrarily small, is a point of the interval [A,(a), 
X2(a)]. In other words, we have 


(9) — -Aa(a) S lim \;(a+Aa) S lim ).(a+Aa) SA,(a). 
Aa=0 Aa=0 


On the other hand, by what we have seen above, if 
Aa>0 is sufficiently small, the set 


B( +6 PEAS. Vatda))=Ex(rts Ar iy ay ee} 
( =), if it is not empty, is contained in S(a, ¥(a)), and 
therefore does not contain any point of H, and, a fortiori, 
any point of H(a+Aa). Therefore H(a+Aa) is a subset of 


I'(a)—E.(r+¢, a+Aa, ¥(a+Aa)). 


In other words, the greatest rank on H(a+Aa) is not 
greater than r+e. Thus, for Aa>0 sufficiently small, we 
have 


di(a) —€ <A(a-+Aa) Sda(a-+Aa) sttenpite 


(10) | AY n,(a) —2¢. 
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We see. also, sare if Aa>0 is sufficiently small, E\(r-«, 
a, ¥(a))with rack (if it is not empty) is contained in 


S(a+Aa, ie es that the smallest rank on H(a) is not 
smaller than r—e. That is to say, | 


(11) = SY sei(a) +e. 


From the second equality (10) and (11) it follows at once 
that the right-hand derivative y’,(a) of ¥(a) exists and is 
equal to A:(a). 

We prove in the same manner that the left-hand deriva- 
tive y_(a) exists and is equal to;(a). It follows then, from 
the first inequality (10), that if Aa tends to zero by positive 
values, A1(a-++Aa) and \2(a+Aa) tend, both, to \;(a). Thus 
the right-hand derivative of y at the point a+dAa tends, 
when Aa ¥ 0, to the right-hand derivative y’/,(a). This right- 
hand derivative is continuous at right, and we have 


¥s(a) =V'(a+0)=(2) = Min a(% 95 a, ¥()). 


We shall write y’(a+0) instead of y’,(a+0) or instead 
of y’,(a). We can prove in the same manner that 


y'(a—0) =¥'_(0) =y(a—0) = (a) == Max q(x, y; a, ¥(a)). 


v)eH (a) 
Now, since, when Aa‘ 0, ar tends to ¥/(a+0), and 


since the set [(y¥/(a+0), a, ¥(a)) (for the significance of 
I(d, a, 6) see above) is contained in e(y’(a+0), a, ¥(a)), we 
see that 
I(y’(a+0), a, ¥(a)) =I,(a), 
e(y’(a+0), a, ¥(a)) =6:(a), 
I,(a) c6@,(a). 
We prove in the same manner that 
I;(a) cé@,(a). 
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The rank of the points of H(a+Aa) is a quantity belong. 


ing to the interval [\i(a+Aa), \2(a+Aqa)]. But we have 
seen that 


alim (a+ Aa) = im a(a +4a) =),(a). 


This proves that h(a) CH,(a). 

We can prove in the same manner that ha(a) CH, (a) 
The Theorem II is therefore completely proved: 

Let us now consider some applications of Theorem [| 

Let C(h, D) be a circle with center at the point :=-} 
(z=x-+1y), and radius D. The equation of this circle may 
be written in the following manner (D and D, are here the 
half and complete planes, respectively of the points (A, D) 
and (x, y), except the points at infinity): 


F(x, y3 h, D) =(x+h)?+y?— D?=0, 
the parameter of dilatation being D, the region S(h, D), 


where F <0, is the interior of C(h, D). The rank, g, of a 
point of C(h, D) is the quantity 


_aF aF _xth 
dh°aD D”’ 
and therefore, if the equation of this circle is given in the form 
z=—h+De, 
we see immediately that 
q itt =COS w. 
If H is a closed set of points in the xy plane, and if the 
point z=—h does not belong to H, there exists a value D, 


such that there is at least one point of H on C(h, D), and 
no such point in S(h, D). But, by Theorem II, there exists 
then only one-such value D=D(h). On I'(h) =C(A, D(h)) 
there exists at least one point of H, and there is no such 
point interior to this circle. D(h) has a right-hand deriva- 
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tive D'(h)=D'(h+0), and a left-hand derivative D‘(h) 
= D'(h—0), both of these being respectively right-hand and 
left-hand continuous with respect to h. D'(h+0) is there- 
fore the rank of the initial set (a) of H(h) =HAI(h), and 
D’(h—-0) that of the terminal set H2(a) of H(h). In other 
words, since, in writing the equation of T'(h) in the form 
z= —h+D(he, 
the rank of a point z on I'(h) is cos w, we may say that the 
quantity D’(h+0) is equal to cos w:, where w; is such that 
one of the two points (or both) of the form 
z= —h+D(h)etivs 
is the point of H, which is, on I'(h), the nearest to the point 
~h—D(h); and that D’(h—O) is equal to cos w2, where ws is 
such that one of the two points (or both) of the form 
2=—h+D(h)erios 
is the point of H, which is, on I'(h), the nearest to the point 
—h+D(h). 

If we put D=-, and if we write the equation of the same 
circle C(h, D), which with the parameters h, L, will be de- 
noted by C,(h, L), in the form 

F(x, 93 hy L)=4,—(x-+h)*-y*=0, 
then the region S,(h, L) where F; <0 is the exterior region 
of the circle Ci(A, L), and L is the dilatation parameter, since 
S:(h, L+AZL) contains S,(h, ZL) if AL>0. Now the rank 
a(x, 93h, L) is given by 

qg=—(x+h)L?=—L?* cos w, 
where cos w has the same meaning as above. If L(h) is such 
that there exists a point of H on C,(h, L(h)) and no such 
point in S,(h, L(h)), then, by Theorem II, L’(h+0) and 
L'(h—0) exist, and, for example, L’(h+0) is equal to the 
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minimum of —Z?cosw, when the point —h+D(h)e 
1 


(D (h =r) is any point of Hon C,(h, L(A)). But since 
L'(h+0) = —D’(h+0)L?2, we see that 


—D'(h+0)L?=min (—L? cos w) = —L? max COS w, 
(—h+D(h)e on HNCi(h, L)). 
Thus 


(12) D’(h+0)=cos (min |w|), (—h+D(A)e on 


HNCvh, D)). 

If we recall the geometrical meaning of D(h) in Theorem | 
and if we take, for H, the set of singularities of the series (4) 
we see immediately that the last equality is exactly the 
Theorem I, with the difference that, in Theorem I, we give 
the analytic expression of D(h), and that (12) is given for 
h=0. 

Consider now, as curves C of Theorem II, the straight 
lines C(@, ~) given by the equation 


F(x, y; 6, p) =p—x cos @—y sin @=0, 


* D and D, being the complete planes of (6, ) and (x, y) 


except the point at infinity.! The region S(@, p), where 


EO ALE ONE EL LOCC LL A LALA IEEE BALLER LEC ED ELL 


F <0, is the open half-plane, bounded by C(@, 9), containing | 


points (—p cos 6, —p sin @) with p>O, arbitrarily large, 
The dilatation parameter is 9. 

The rank g(x, y; 6, p) is given by 
(13) 


The affix, z, of a point on C(6, p) may be written in the 
following manner 


q=y cos 6+< sin 0. 


z=e"(p+1t), 
where ¢ is a real parameter, varying in (— ©, ). The 
In this case we should replace the xy plane by a circle Cg, and consider the 


corresponding sets in Cy. But since R is arbitrarily large, we neglect Cy. As it is 
seen below, in this case, we consider a bounded set H. 
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shsolute value of ¢ is the distance from the point (x, y), 
r=extiy), on C(8, p) to the point pe*—the foot of the 
serpendicular from the origin to the straight line C(@, p). 
ris positive for the points of C(@, ») which Jie on the part 
obtained by rotation of the ray z=pre#(r>1) about the 
point pe* through a positive right angle. It is negative for 
the other points of C(8, p). It follows immediately from (13) 
that g=#. 

If I/ is a closed and bounded set of points, the set A(ff) is 
composed of all the values @ (—x <0@<.«) (here a is 
replaced by @). There exists, by Theorem II, a function 
p(@) such that there is no point of H in S(@, p(@)), but there 
exists such a point on A(¢)=C(@, £(6)). By this theorem 
»'(8+0) exists and is equal to the smallest value of ¢ such 
that z=e(p(6)+it) is a point of A(é@) belonging to H; 
»'(@—0) exists, and is equal to the greatest value of t such 
that z=e"(p(0)+7t) is a point of A(é), belonging to H. 
Therefore the set H(@), composed of the points of H situated 
on A(@), is situated between the two points 

e*(p(6)-+1p’(@—0)), e#(p(0)+7p'(6+0)), 
these two points belonging to H. 

These latter statements were first proved by Polya (17). 
A great part of other important theorems of Polya, relative 
to the determination of the singularities of a Taylor series 
(the set H) by means of 7(6) and its derivatives, have been 
proved by Denjoy, in the paper cited, starting with Theorem 
II. Denjoy gives also very interesting relations between the 
function D(h), which appears in Theorem I and Polya’s 
function (6). This allows him to reestablish the relationship 
between the position of the singularities of the series (4) and 


the growth of the entire function F(z) = LS z", the 


relationship discovered by Polya (17). 
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140 Infinitely Differentiable Functions | 
We shall close our lectures with the following theor 
which is essentially based on Theorem I, and which 
proved by the present author (14). 
TueoreM III. If the radius of convergence of the seri 
LD 4,2" is equal to unity, if lim |a,,|”"=1, and if there mat 


as 


constant 5>0, such that in the circle |z| <5, no polynomial of 
the sequence 

d,,(%) =aoz™+Ch.aiz™ +--+ -a,, (i21) 
vanishes, then there exists at least one singular point of the 
Taylor series, of affix e** with 


cos g= lim Roa), 


‘=o ay; 


an -1 


We see, by this theorem, that if lim =1, the othe 


ny 
conditions of this theorem being satisfied, then the point 
=1 is a singular point for the Taylor series. 
With the same notations as in Theorem I, we have, fo; 
h=0, 


(14) log D(h) = fim 108 Léa], fam toe | dn(h) | 


i=xo Ny 


There exist two constants k>0 and. L>0 such tha 
| a,| <Lk(n =0), 
herefore 

|dn(z)| =| aoz"+Chaiz"-!---+a,| SL(|z|"+Ce|2| 1 
---k*) =L(|z| +2)". 
Since d,,(z) do not vanish in |z| <6, we can define 4rg d,,(1) 
n this circle in a continuous manner by defining Arg d,, (0) 
s Arg a,, with the value situated in the interval [0, 27). 

The functions 

log d,,(z) =log | d,,(z) | +iArg d,,(z) 
re then holomorphic in |z| <8, and their real parts satisfy 
e inequality 
R(log dp,(z)) =log |d,,(z)| Slog L+ns log (k+5). 
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Generalization of the Principle 14] 
Thus the family of functions 


n; (2) = 108 du(z) dns(2) 
is such that their real parts are bounded, and therefore the 
family is normal, in |z| <8. It is then possible to extract 
from the sequence {n;} a subsequence {m;} having the two 
properties 
(1) lim R2=! = jim R er 

am; an; 


(2) the sequence ¢,,,(z) = dat) tends in lx <3 ini 
? 
formly to a limit, when j+ , this limit being holomorphic 
in this circle, since then 
lim @m,(0) = lim 128 41 — jim 2BL4m| Fire amy _ 0 
™m; . ™m; 
We have, on the other hand, the following equality, 
which is easy to prove 
a’, (z) = nd,_1(z), 


and in |z| <é, we have 


log d,(z) = log Aa i on dt= log a,+n / a0 dt. 
0 0 


We have therefore by (14), for O<hA = 


h 
log D(h) = lim log | dmj(h) =lim Flog am 4 p Gny—1(t) 7 
j=mo mM; mM; F dm, (t) 
But 
fim 2108 mj — jinn 108 Leml 9, 
mj; ™; 
Therefore 


h 
log D(h) = lim R | 2m a, 
j=o da, (t) 


/3 


7a 
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We have also, since D’,(0) exists (Theorem I), and sing 
D(0) = lim |a,|*/"=1, 


1,(0) =(log D(h))'4n0) = lim 28 2H) , 
h=+0 h 


lim tim R | © a) = doa 
pao AA je [4 say) lim (fim 5 | Se a 


im R240 fn RE, Vol. 


i== dm,(0) imo Am; 


J 
pee {ee 

=a= lim R—€!, 

an; 


But, by Theorem I, there exists a singularity of )\a,2", of 
affix e‘*, where cos g=D’,(0). Our theorem is thus com 


pletely proved. 
S. MANDELBROJT. 
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